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Exercise 19 (Computing ideal quotients).

Let K be a field of characteristic 0 and let > be a monomial ordering on Mon(x,...,z,). Consider
the two ideals a,b < K[z1,...,2,]> and assume that a = (g1,...,9,), b = (h1,...,hs), where g;, h; €
Klz1,...,2z,). Define h:=hy +t-hy+ ...+t hy € K[t,z1,...,2,]. Prove that

a:b= <(<917 .. agT>K[t,w1,...,wn] : h) N K[xlv .. 7xn]>K[a:1,...,xn]>-

Exercise 20 (Zariski closure of the image).
Consider ¢ : Q% — Q*, (s,t) > (s*, 5%, st3,t*). Compute the Zariski closure of the image, »(Q?), and
decide whether ¢(Q?) coincides with its closure.

Let R be a commutative ring with unity. An ideal ) < R is said to be primary, if Q # R and if for all
z,y € R we have that zy € @ implies x € Q or y" € Q for some n € N>.

Exercise 21. Let R be a commutative ring with unity, S C R a multiplicative set and Q < R a primary
ideal. Denote by j : R — S™!R the canonical morphism. Show:

(a) fSNQ #0, then ST1Q = S7'R.
(b) If SNQ =0, then S~'Q is a primary ideal of S™'R and ;! (S7'Q) = Q.

(c) If I < R can be written as I = NI, Q;, where the @; are primary ideals of R with SN Q; = 0 for
j=1,....m<nand SNQ; #0 for j =m+1,...,n, then the following hold:

(i) S =n",571Q;, and
(i) 57! (5_1]) =N, Q.

Hint: You may use that localization commutes with finite intersections.



