. . Prof. Dr. Mathias Schulze
I : TECHNISCHE UNIVERSITAT Raul Epure
= KAISERSLAUTERN Fachbereich Mathematik

Computer Algebra
Summer Term 2019 - Sheet 10
Due Date: Thursday, June 27, 2019, 10:00 am

Exercise 33. Let > be a local ordering, A = KJ[z]s and I C A" be a finitely generated A-module.
Furthermore, let the matrices Ay, ..., A,, be the output of Algorithm 2.5.16 in the book by Greuel and
Pfister applied to I.

State an algorithm that computes the Betti numbers of A" /I without computing a minimal free resolution
and prove its correctness.

Our goal in the next two exercises is to compute Hom(M, N) for finitely presented R-modules M and N.
Let R be a ring, M, N be finitely presented R-modules with presentations

P )2

R™ M 0 and R™ —— R™ —— N —— 0.

R™
Furthermore, let ¢ € Hom(M, N) be a homomorphism. Recall the following:

(a) There exist ¢; € Hom(R™!, R™2) and ¢2 € Hom(R™, R™), such that the following diagram is
commutative and has exact rows.

Rm YLy pm M 0
Rﬁl v Rl: ]%9 0.

(b) Ker(p) = 5 (Im(v2))/ Tm(¢1).

Exercise 34. We keep the setup and notation from above. Let A be a n; X k matrix, which has a set of
generators of Ker (R”l 22, R/ Im(z/)g)> as columns, where @, is the map R™ 2 R" — R™ /Tm(1y).
Denote by A the map R* LN I, R™ /Tm(t)1).
Prove that B

Ker(p) = RF/ Ker (Rk 25 Ry Im(¢1)> .

Exercise 35. Let R be a ring, M, N be finitely presented R-modules with presentations

P1 h2

R™ R™ M 0 and R —— R™ —— N —— 0.

State an algorithm to compute Hom(M, N) and prove its correctness.
Hint: See Example 2.1.26 in the book by Greuel and Pfister.



