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Problem 1: Let R be a ring and r ∈ R idempotent. Show that every prime ideal of R contains
either r or 1− r.

Problem 2: Let (R,mR) and (S,mS) be local rings and ϕ : R → S be a ring homomorphism.
Show that the following are equivalent:

(a) ϕ(mR) ⊆ mS .

(b) ϕ−1(mS) = mR.

(c) For any x ∈ R, if ϕ(x) is invertible in S, then x is invertible in R.

If ϕ satisfies the above conditions, we call ϕ a local ring homomorphism.

Problem 3: Let ϕ : R → S be a ring homomorphism, M an R-module and N an S-module.
Show that

HomR(N,M) ∼= HomS(N,HomR(S,M)).

Problem 4: Let R be a ring, I E R nilpotent and N,N ′,M,M ′ R-modules with N,N ′ ≤ M .
Show:

(a) If IM = M , then M = 0.

(b) If M = N + IN ′, then M = N .

(c) The morphism ϕ ∈ HomR(M ′,M) is surjective if ϕ : M ′/IM ′ →M/IM is surjective.

(d) Let Λ be some index set. The set {mλ}λ∈Λ ⊆ M generates M as R-module if {mλ}λ∈Λ

generates M/IM as R/I-module.
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