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Problem 1: Let R be a reduced ring with |Min Spec(R)| < ∞. Show that R is normal in the
sense of Definition 7.23 if and only if R is normal in the sense of Remark 7.29.

Problem 2: Let K be an infinite field, X = (X1, . . . , Xn). For a = (a1, . . . , an−1) ∈ Kn−1

consider the automorphism of K-algebras

ϕa : K[X]→ K[X], Xn 7→ Xn, Xi 7→ Xi + aiXn, i = 1, . . . , n− 1.

Show that for f ∈ K[X] there exists some a ∈ Kn−1 such that ϕa(f) = cXm
n + terms of smaller

Xn-degree for some 0 6= c ∈ K and m ∈ N.

Problem 3: Let R and S be affine K-algebras. Show that

dim(R⊗K S) = dim(R) + dim(S).

Hint: Consider the cocartesian diagram obtained by tensoring Noether normalizations of R and
S.

Problem 4: Let R be a ring, J ER, I/J ER/J , V ⊆ ZR(J) and write V/J := {m/J | m ∈ V } .
Show that

ZR/J(I/J) = ZR(I)/J, IR/J(V/J) = IR(V )/J.
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