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All rings are commutative with 1.

Problem 1: Let R be a ring and I, Jy, ..., J, < R. Show that:
(a) I: (32 Ji) = (imi (2 Ji)-

(b) (MiZy Ji) o I =iy (Ji 2 I).
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Problem 2: Let R be a ring, r € R nilpotent and v € R a unit. Show that u + r is a unit.

Problem 3: Let R be aring and I <R. The natural injection R < R[z] := R[x1,...,2,],a — a
is a ring homomorphism and thus makes R[z| into an R-algebra.

(a) Show that R[z]| satisfies the following wuniversal property: If R’ is any R-algebra and
ai,...,an € R are given, then there is a unique R-algebra homomorphism « : R[z] — R’
such that a(z;) = a; for i = 1,...,n. (Le., an R-algebra homomorphism on R[z] may be
uniquely defined by specifying the images of the x;.)

(b) Let I < R[z] be an ideal. Show that for any R-algebra A there is a canonical bijection
Homp(R[z]/I,A) = Za(I) :={(a1,...,an) € A" | f(a1,...,a,) =0V f € I}.
(What is the meaning of f(ay,...,ay) here?)
(c) Determine Homgz(Z[x]/{x? + 1),Z) and Homg(Z[x]/(z? + 1), C) explicitly.
Problem 4: Let R be a ring. Show that the following are equivalent:
(a) R/N(R) is a field.
(b) | Spec(R)| = 1.

(c) Every element of R is either a unit or nilpotent.

In-class Problem 5: Does the following equality hold in the polynomial ring C|z, y]:
(2* — 2 2%y —2® oy —y,y* —y) = (2*,y)N{z— 1,y — 1)

In-class Problem 6: Determine Homc (Clz,y]/ (zy,2* — z) ,Clz,y]/ (z* — y*)).
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