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Problem 1: Let R be a principal ideal domain, m,n € R\ {0}, g a greatest common divisor of
m and n, and [ a least common multiple of m and n. Show the following properties:

(a) (n) + (m) = (n,m) = (g)

(@ (m): fm) = (2) = (L)

(e) \/(n) = {(p1--pk) if p1,...,pr € P are the distinct prime factors of n.

Do the above properties hold also for unique factorization domains?

Problem 2:
(a) Let R be a ring. Show:

(i) = € R[z]"®
(i) R[z]" ={a € R[z] | ap € R*}
(iii) a € R[] nilpotent = Vi € N: q; nilpotent. Is the converse also true?

(b) Let K be a field. Show that K [z] is a principal ideal domain whose ideals are generated
by any element of minimal order.

Problem 3: Let ¢ : R — S be a homomorphism of rings, I;, o < R and Jy, Jo < S. Show:
(a) (I + L) =I{+ 15, (J1 + J2)° 2 Jf + Js;
(b) (IiNIz)¢ CIfNIs, (JiNJy)t = JinJs;
(c) (Il2) = IT13, (J1)2)° 2 JiJs;

(d) (Iy:12)° € (f = 15), (Ji: Ja)® € (JF = J5);
(e) (VI € VIT, (V) = /L.

Show that the above inclusion are in general proper.

Problem 4: Consider the ring homomorphism
Z—)RZZ{%‘TLZO,ZEZ}C@ZZHZ

and the ideals I = (84) <Z and J = (15) < R. Give generators of I¢, ¢, J¢ and J°.
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