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Problem 1: Let R be a principal ideal domain, m,n ∈ R \ {0}, g a greatest common divisor of
m and n, and l a least common multiple of m and n. Show the following properties:

(a) 〈n〉+ 〈m〉 = 〈n,m〉 = 〈g〉

(b) 〈n〉 ∩ 〈m〉 = 〈l〉

(c) 〈n〉 · 〈m〉 = 〈n ·m〉

(d) 〈n〉 : 〈m〉 =
〈
n
g

〉
=
〈

l
m

〉
(e)

√
〈n〉 = 〈p1 · · · pk〉 if p1, . . . , pk ∈ P are the distinct prime factors of n.

Do the above properties hold also for unique factorization domains?

Problem 2:

(a) Let R be a ring. Show:

(i) x ∈ R JxKreg

(ii) R JxK∗ = {a ∈ R JxK | a0 ∈ R∗}
(iii) a ∈ R JxK nilpotent =⇒ ∀i ∈ N : ai nilpotent. Is the converse also true?

(b) Let K be a field. Show that K JxK is a principal ideal domain whose ideals are generated
by any element of minimal order.

Problem 3: Let ϕ : R→ S be a homomorphism of rings, I1, I2 ER and J1, J2 E S. Show:

(a) (I1 + I2)
e = Ie1 + Ie2 , (J1 + J2)

c ⊇ Jc
1 + Jc

2 ;

(b) (I1 ∩ I2)
e ⊆ Ie1 ∩ Ie2 , (J1 ∩ J2)

c = Jc
1 ∩ Jc

2 ;

(c) (I1I2)
e = Ie1I

e
2 , (J1J2)

c ⊇ Jc
1J

c
2 ;

(d) (I1 : I2)
e ⊆ (Ie1 : Ie2), (J1 : J2)

c ⊆ (Jc
1 : Jc

2);

(e) (
√
I1)

e ⊆
√

Ie1 , (
√
J1)

c =
√

Jc
1 .

Show that the above inclusion are in general proper.

Problem 4: Consider the ring homomorphism

Z→ R :=
{ z

7n
| n ≥ 0, z ∈ Z

}
⊂ Q : z 7→ z

and the ideals I = 〈84〉E Z and J = 〈15〉ER. Give generators of Ie, Iec, Jc and Jce.
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