ALGEBRA I (MATH 5613) Oklahoma State University, Fall 2011

HOMEWORK &

Define your terminology and explain notation. If you require a standard result, such as one of
the Sylow theorems, then state it (or cite a result from your textbook) before you use it; otherwise
give clear and complete proofs of your claims. The problems are of equal value, 6 points each.
Partial solutions will be considered on their merits.

Exercise 1. Let A be acommutative ring. An ideal qin A is called primary if ab € q implies a € q
orb e /q.

(a) Show that /q is prime if q is primary. What about the converse statement?

(b) Show that q is primary if q is prime. What about the converse statement?

(c) Show that q is prime if q is maximal. What about the converse statement?

Exercise 2. Use Zorn’s Lemma to show the following statements.
(a) Every ideal in a commutative ring is contained in a maximal ideal.
(b) Every cyclic module has a simple quotient.

Exercise 3. Let R be aring and Z = Z(R) be its center. A derivation is a map 0: R — R such
that d(a + b) = d(a) + 0(b) and §(ab) = d(a)b + ad(b).

(a) Show that for a € R the commutator x — ax — xa is a derivation.

(b) Show that §(Z) C Z for any derivation 9.

(c) Show that §(e) = 0 for e € R an idempotent, that is, ¢* = e.

Exercise 4. Let A be a commutative ring. Describe A[X]*. (Do only what was not done in class.)

Exercise 5. Under the hypotheses of the Chinese Remainder Theorem, show that [, a; =
Ni_; a;. Give a counter-example for this equality in general.

Exercise 6. Let A be a commutative ring, and let GG be a group.
(@ fG={g,...,9n}, showthat g; +--- + g, € Z(A[G]).
(b) Show that Z(A[G]) = {>_,ccae9 | Vh € G: ay = ag.}.



