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1. [12] Formulate definitions (describe the data involved and list the defining properties).
Pick 4 out of 5 questions.

(a) What is a topological space?

(b) What is a cluster point of a subset of real n-space?

(c) What is a Cauchy sequence?
)
)

(d) What is a connected topological space?

(e) What is a continuous function? What is a uniformly continuous function?

Solution:

(a) A set X together with a set U of subsets of X is called a topological space if
i) X,0el,
(ii) Ny ey V € U for any finite subset V C U, and
(ili) Uyep V € U for any subset V C U.

(b) For a general topological space X, p € X is a cluster point of a subset S C X
if any open neighborhood U of p meets S\ {p}, i.e. UN (S \ {p}) # 0. For
X = R", the open neighborhoods of p can be replaced by B(p,€) for all € > 0.

(c¢) A sequence {p,} C R™is called a Cauchy sequence if Ve > 0: AN € N: Vm,n >
N:|pn —pm| < e

(d) A topological space is connected if it is not the disjoint union of two non-
empty open sets.

(e) A function f: X — Y between topological spaces is continuous if the preim-
age under f of any open set in Y is open in X. A function f: D — R,
U C R™, is uniformly continuous if Ve > 0: 30 > 0: Vp,q € D: |[p—¢q| < =

|f(p) — f(g)] <e

2. [12] Formulate theorems (list all hypotheses and formulate the statement). Pick 4 out
of 5 questions.

Solution:

(a) For any p,q € R", [peg| <|p|-q|.

(b) Every bounded sequence in R™ has a convergent subsequence.
(c¢) A subset of R™ is compact if it is closed and bounded.
)

(d) The intersection of any nested sequence I; D Iy D I3 D - of closed bounded
intervals [, C R is non-empty, i.e. [,y In # 0.



(e)
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Any Cauchy sequence in real n-space is convergent.

3. [15] Prove statements (give rigorous arguments based on the definitions). Pick 3 out
of 4 statements.

(a
(b

The sequence p,, = (

n+1

n

(—1)“) has exactly two limit points.

The function M(x,y) = xy is continuous.

)
)

(C) Any Convergent sequence is a Cauchy sequemnce.
)

(d) Any compact subset of real n-space is bounded.

Solution:

(a)

()

(d)

For a given € > 0, we choose N € N such that N > 1/¢; then for all n > N
we have |2 — 1| =1/n < 1/N < e. Writing p, = (2,,yy), this shows that
x, — 1, and hence, by Theorem 1.6.7, that ps, — (1,1) and pg,11 — (1,—1).
So p+ = (1,+£1) are two limit points of {p,}. For any other point p # p4, set
e =min{2, |p — py|, |p — p—|}/2; then the e-balls centered at p, p,, and p_ do
not meet. As B(p;,€) U B(p—,€) contain all but finitely many p,, p can not
be a limit point of {p,}.

For ¢ > 0 and p = (a,b), set § = min{|a| + |b], m} if p#£0, and § = /e
otherwise. Then, for any ¢ = (x,y) with |p — ¢| < §, we have |y| — [b] <
b —y| <, and hence [M(p) — M(q)| = |ab — zy| = [a(b —y) + y(a —y)| <
lallb =yl + [ylla — x| < (Ja] + ly))|p — gl < (lal + [b] + 0)|lp — q| <e.

Let p, — p, and € > 0 arbitrary. Then, by convergence, there exists an
N € N such that, for all n > N, we have |p, — p| < ¢/2. For n,m > N, we
conclude that |p, — pm| < |pn —pl+ P —pm| < €/2+¢€/2 =¢.

By compactness of S, the open covering (J, .y B(0,n) NS of S has a finite
subcovering |JY_, B(0,n) N S and hence S ¢ B(0, N) and S is bounded.
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