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1. [9] Consider the function f(p, q) = qe−p + pe−q at the point P (0, 0).

(a) Find the maximum rate of change of f at P and the direction in which it occurs.

(b) Find the directional derivative of f at P in direction of the x-axis.

(c) Find the equation of the tangent and normal lines to the curve f(p, q) = 0 at P .

Solution:

(a) Since ∇f(0, 0) = 〈−qe−p + e−q, e−p − pe−q〉(0, 0) = 〈1, 1〉, the maximum rate
of change is

√
2 and occurs in direction 45◦.

(b) D(1,0)f(0, 0) = 〈1, 1〉 • 〈1, 0〉 = 1

(c) The tangent line is given by x+ y = 0, the normal line by x− y = 0.

2. [9] Give an example of a function with the given property.

(a) a local maximum at (1, 1)

(b) a saddle point at (1, 1)

(c) a local minimum at (0, 0) that can not be detected using the 2nd derivative test.

Solution:

(a) f(x, y) = −(x− 1)2 − (y − 1)2 (or even f(x, y) = 0 works)

(b) f(x, y) = (x− 1)2 − (y − 1)2

(c) f(x, y) = x2 + y4 (or even f(x, y) = 0 works)
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3. [6] Consider the function f(x, y) = xy + 1
x

+ 1
y
.

(a) Find all critical points and determine whether they are local maxima, local min-
imal, or saddle points.

(b) Are there any global maxima or minima? Explain why.

Solution:

(a) Setting ∇f = 〈y − 1/x2, x− 1/y2〉 = 0 gives x = y = 1. The Hessian at this

point is

(
2 1
1 2

)
, so it is a local minimum by the 2nd derivative test.

(b) Since limx→0± f(x, 1) = ±∞, there is no global maximum or minimum.

4. [6] Find the maximum and minimum values of the function f(x, y) = 2x2 +3y2−4x−5
subject to the constraint x2 + y2 ≤ 16.

Solution: To find critcal points (x, y) with x2 + y2 < 16, set ∇f = 〈4x− 4, 6y〉 = 0.
This gives x = 1 and y = 0, and f(1, 0) = −7. To find critcal points with
g = x2+y2−16 = 0, apply Lagrange multipliers: Using ∇g = 〈2x, 2y〉, the system
of equations ∇f = λ∇g, g = 0, becomes: 2x − 2 = λx, 3y = λy, x2 + y2 = 16.
Rewrite the first two equations as (2 − λ)x = 2, (3 − λ)y = 0. If y = 0 then
x = ±4, and the corresponding values of f are 11 and 43. Otherwise, λ = 3,
x = −2, y = ±2

√
3, and the value of f is 47. Thus, f has minimum value −7 at

(1, 0), and maximum value 47 at (−2,±2
√

3).
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5. [9]

(a) Evaluate the integral by changing the order of integration:
∫ 1

0

∫ 1

x
ex/ydydx.

(b) Compute the average of f(x, y) = xy over the triangle ∆ with vertices (0, 0),
(1, 0), (1, 1).

(c) Compute the volume V under the surface z = 2x + y2, and above the region
bounded by x = y2, x = y3.

Solution:

(a)
∫ 1

0

∫ 1

x
ex/ydydx =

∫∫
{(x,y)|0≤x≤1,x≤y≤1} e

x/ydA =
∫∫
{(x,y)|0≤y≤1,0≤x≤y} e

x/ydA =∫ 1

0

∫ y

0
ex/ydxdy =

∫ 1

0
[yex/y]yx=0dy = (e− 1)

∫ 1

0
ydy = 1

2
(e− 1).

(b) fav = 1
A(∆)

∫∫
∆
xydA = 2

∫ 1

0

∫ x

0
xydydx =

∫ 1

0
[xy2]xy=0dx =

∫ 1

0
x3dx = 1

4

(c) V =
∫ 1

0

∫ y2

y3

∫ 2x+y2

0
dzdydx =

∫ 1

0

∫ y2

y3 2x + y2dxdy =
∫ 1

0
[x2 + xy2]y

2

x=y3dy =∫ 1

0
2y4 − y5 − y6dy = 2

5
− 1

6
− 1

7
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