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1. [9] For the vectors a = 〈1, 1, 1〉 and b = 〈1, 2, 3〉 compute

(a) the dot product a · b,

(b) the cross product a× b, and

(c) the vector projection of a in direction of b.

Solution:

(a) a · b = 1 + 2 + 3 = 6

(b) a× b = 〈3− 2, 1− 3, 2− 1〉 = 〈1,−2, 1〉
(c) projb(a) = (a · b) · b/|b|2 = 3/7 · 〈1, 2, 3〉.
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2. [12]

(a) Find parametric equations for the line through (2, 1, 0) and perpendicular to both
i + j and j + k.

(b) Find an equation of the plane that passes through the point (6, 0,−2) and contains
the line x = 4− 2t, y = 3 + 5t, z = 7 + 4t.

(c) Find the tangent plane to the surface z = x3y4 at the point (1, 1, 1).

Solution: (a) A direction vector is given by (i + j) × (j + k) = i − j + k, so the
components of

r(t) = x(t)i + y(t)j + z(t)k = (2 + t)i + (1− t)j + tk, t ∈ R,

are the parametric equations of the line in question.

(b) The point (4, 3, 7) is in the line, so the vector 〈4, 3, 7〉− 〈6, 0,−2〉 = 〈−2, 3, 0〉
is in the plane. Then a normal vector is obtained as

〈−2, 3, 9〉 × 〈−2, 5, 4〉 = 〈−33,−10,−4〉

and the equation of the plane reads 33x+ 10y + 4z = 6 · 33− 8 = 190.

(c) For f(x, y) = x3y4, ∇f(1, 1) = 〈3, 4〉 and hence z = 1 + 3(x− 1) + 4(y− 1) =
3x+ 4y − 6 defines the tangent plane.
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3. [8]

(a) Use the chain rule to find ∂z/∂s where z = ex+2y, x = s/t, y = t/s.

(b) Use implicit differentiation to compute dy/dx where
√
xy = 1 + x2y.

Solution:

(a) ∂z/∂s = ∂z
∂x

∂x
∂s

+ ∂z
∂y

∂y
∂s

= z/t− 2zt/s2

(b) Applying d/dx to the equality gives y+xy′

2
√
xy

= 2xy + x2y′, and, by solving for

y′, we find y′ =
2x− 1

2
√
xy

x( 1
2
√
xy
−x)y =

4x
√
xy−2

x(1−2x
√
xy)
y.
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4. [6] Consider the function f(x, y) = xy + 1
x

+ 1
y
.

(a) Find all critical points and determine whether they are local maxima, local min-
imal, or saddle points.

(b) Are there any global maxima or minima? Explain why.

Solution:

(a) Setting ∇f = 〈y − 1/x2, x− 1/y2〉 = 0 gives x = y = 1. The Hessian at this

point is

(
2 1
1 2

)
, so it is a local minimum by the 2nd derivative test.

(b) Since limx→0± f(x, 1) = ±∞, there is no global maximum or minimum.
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5. [6] Find the maximum and minimum values of the function f(x, y) = 2x2+3y2−4x−5
subject to the constraint x2 + y2 ≤ 16.

Solution: To find critcal points (x, y) with x2 + y2 < 16, set ∇f = 〈4x− 4, 6y〉 = 0.
This gives x = 1 and y = 0, and f(1, 0) = −7. To find critcal points with
g = x2+y2−16 = 0, apply Lagrange multipliers: Using ∇g = 〈2x, 2y〉, the system
of equations ∇f = λ∇g, g = 0, becomes: 2x − 2 = λx, 3y = λy, x2 + y2 = 16.
Rewrite the first two equations as (2 − λ)x = 2, (3 − λ)y = 0. If y = 0 then
x = ±4, and the corresponding values of f are 11 and 43. Otherwise, λ = 3,
x = −2, y = ±2

√
3, and the value of f is 47. Thus, f has minimum value −7 at

(1, 0), and maximum value 47 at (−2,±2
√

3).
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6. [6] Find the centroid (= center of mass) of a solid homogeneous hemisphere H of
radius a.

Solution: We can assume that the density equals 1. Then the mass is m = V (H) =
2
3
πa3. We choose a coordinate system such that the origin is the center of the

complete sphere and such that H is symmetric with respect to rotation about the
z-axis. Then, by symmetry x̄ = ȳ = 0, where (x̄, ȳ, z̄) denotes the centroid. To
compute z̄ first compute∫

H

z dV =

∫ 2π

0

∫ π
2

0

∫ a

0

ρ cosφ · ρ2 sinφ dρ dφ dθ

= 2π

∫ π
2

0

sinφ cosφ dφ ·
∫ a

0

ρ3 dρ

=
π

2
a4

∫ π
2

0

1

2
sin(2φ) dφ

=
π

4
a4

(
1

2
cos(φ)|0π

)
=
π

4
a4.

Thus, z̄ = 1
m

∫
H
z dV = 3

8
πa and the centroid is (0, 0, 3

8
a).
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7. [6]

(a) Evaluate the line integral
∫
C
xy ds where C is the curve given by x = t2, y = 2t,

0 ≤ t ≤ 1. Hint: substitute t = tanφ. You do not need to simplify the result of
the integration.

(b) Evaluate the line integral
∫
C

F · dr where F = zi + yj + xk and C is given by the
vector function r(t) = ti + sin tj + cos tk, 0 ≤ t ≤ π.

Solution: (a) ∫
C

xy ds = 4

∫ 1

0

t3
√
t2 + 1 dt

=

∫ π/4

0

tan3 φ
√

tan2 φ+ 1 sec2 φ dφ

=

∫ π/4

0

sin3 φ

cos6 φ
dφ

=

∫ π/4

0

sinφ

cos6 φ
− sinφ

cos4 φ

= −
[

1

5
cos−5 φ+

1

3
cos−3 φ

]π/4
0

(b) ∫
C

F · dr =

∫ π

0

〈cos t, sin t, t〉 · 〈1, cos t,− sin t〉 dt

=

∫ π

0

cos t+
1

2
sin(2t)− t sin t dt

=

[
sin t− 1

4
cos(2t) + t cos t+ sin t

]π
0

= −π
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8. [6]

(a) Show that the force field F = 〈e−y,−xe−y〉 is conservative.

(b) Find a potential Φ for F, that is, a function Φ such that F = ∇Φ.

(c) Compute the work W done by the force field F in moving an object from P (0, 1)
to Q(2, 0). Recall that W =

∫
C

F · dr is the work done by F in moving an object
along the curve C.

Solution:

(a) Writing F = 〈p, q〉 we have p = e−y, and q = −xe−y. Then p and q have
continuous first order derivatives, and pq = −e−y = qx. Since the domain of F
is R2 which is simply connected and open, this impies that F is conservative.

(b) We need to solve the system of differential equations 〈e−y,−xe−y〉 = F =
∇Φ = 〈Φx,Φy〉, or, equivalently,

Φx = e−y, Φy = −xe−y.

Integrating the first equation with respect to x gives Φ = xe−y + g(y). Then
plugging into the second, shows that −xe−y = Φy = −xe−y + g′(y) and hence
that g(y) = c must be constant, which we may assume to be c = 0. One
easily checks that Φ = xe−y is indeed a solution.

(c) We apply the fundamental theorem of line integrals using the potential Φ from
(b). Pick a curve C from P to Q. Then W =

∫
C

F · dr = Φ(Q)− Φ(P ) = 2.
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End of examination
Total pages: 10
Total marks: 59


