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1. [10] Write the following double and triple integrals as iterated integrals. As usual r, θ
are the polar coordinates corresponding to x, y and ρ, θ, φ are the spherical coordinates
corresponding to x, y, z.

(a)
∫∫

D
f(x, y) dA where D = {(x, y) | g(y) ≤ x ≤ h(y), a ≤ y ≤ b}.

(b)
∫∫

E
f(x, y) dA where E = {(x, y) | α ≤ θ ≤ β, u(θ) ≤ r ≤ v(θ)}.

(c)
∫∫∫

B
f(x, y, z) dV where B = [a, b]× [u, v]× [r, s].

(d)
∫∫∫

S
f(x, y, z) dV where S = {(x, y, z) | (x, y) ∈ D, g(x, y) ≤ z ≤ h(x, y)}.

(e)
∫∫∫

T
f(x, z) dV where T = {(x, y, z) | α(φ, θ) ≤ ρ ≤ β(φ, θ)}.

Solution:

(a)
∫ b

a

∫ h(y)

g(x)
f(x, y) dx dy

(b)
∫ β

α

∫ v(θ)

u(θ)
f(r cos θ, r sin θ) · r dr dθ

(c)
∫ b

a

∫ v

u

∫ s

r
f(x, y, z) dz dy dx

(d)
∫∫

D

∫ h(x,y)

g(x,y)
f(x, y, z) dz dA

(e)
∫ 2π

0

∫ π

0

∫ β(φ,θ)

α(φ,θ)
f(ρ sin φ cos θ, ρ cos φ) · ρ2 sin φ dρ dφ dθ

2. [10] Use integration to compute the area of a disk with radius R.

Solution: To compute the area of the disk D = {(x, y) | r ≤ R} we integrate the
function 1 over D in polar coordinates:

A(D) =

∫∫
D

1 dA =

∫ 2π

0

∫ R

0

r dr dθ =

∫ 2π

0

dθ

∫ R

0

r dr =
2π

2
[r2]R0 = πR2

The result is what we expected.
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3. [10] Evaluate the integral
∫ 1

−1

∫ √1−x2

−
√

1−x2

∫ 2−x2−y2

x2+y2 (x2+y2)3/2 dz dy dx by changing to cylin-
drical coordinates.

Solution: Observe that −
√

1− x2 ≤ y ≤
√

1− x2 is equivalent to y2 ≤ 1 − x2 and
hence to r ≤ 1 in polar coordinates. Te condition −1 ≤ x = r cos θ ≤ 1 is
therefore redundant. In other words, there is no restriction for θ. Also note that
(x2 + y2)3/2 = r3 in polar coordinates. So the given integral equals∫ 2π

0

∫ 1

0

∫ 2−r2

r2

r3 dz rdr dθ = 4π

∫ 1

0

(1− r2)r4 dr = 4π

(
1

5
− 1

7

)
=

8π

35

4. [10] Find the volume V that lies both within the cylinder x2 + y2 = 1 and the sphere
x2 + y2 + z2 = 4.

Solution: This has been a homework problem for lecture 35. Here is the solution:

V =

∫ 2π

0

∫ 1

0

∫ √
4−r2

−
√

4−r2

1 dz rdr dθ =

∫ 2π

0

dθ

∫ 1

0

[z]
√

4−r2

−
√

4−r2 · r dr

= 4π

∫ 1

0

r
√

4− r2 dr = 4π

[
−1

3

√
4− r2

3
]1

0

= −4π
√

3

Page 3 of 4



page 4

5. [10] Evaluate
∫∫∫

B
x2 + y2 + z2 dV where B is the unit ball x2 + y2 + z2 ≤ 1.

Solution: Note that x2 + y2 + z2 = ρ2 in spherical coordinates and hence∫∫∫
B

x2 + y2 + z2 dV =

∫ 2π

0

∫ π

0

∫ 1

0

ρ2 ρ2 sin φ dρ dφ dθ

=

∫ 2π

0

dθ

∫ π

0

sin φ dφ

∫ 1

0

ρ4 dρ

= 2π[− cos φ]π0
1

5

=
4π

5

6. [10] Find the mass center of a solid hemisphere H of radius 1 centered at the origin
above the x-y-plane where the density equals z.

Solution: This is a simplified version of a homework problem for lecture 36. Here is
the solution: In cylindrical coordinates, the density is z = ρ cos φ. So the mass of
the object is given by

m =

∫∫∫
H

z dV =

∫ 2π

0

∫ π/2

0

∫ 1

0

ρ cos φ · ρ2 sin φ dρ dφ dθ

=

∫ 2π

0

dθ

∫ π/2

0

1

2
sin(2φ) dφ

∫ 1

0

ρ3 dρ = 2π

[
−1

4
cos(2φ)

]π/2

0

1

4
=

π

4
.

For symmetry reasons the mass center has x- and y-coordinate equal to 0. Its
z-coordinate is given by the formula

m · z̄ =

∫∫∫
H

z2 dV =

∫ 2π

0

dθ

∫ π/2

0

cos2 φ sin φ dφ

∫ 1

0

ρ4 dρ

= 2π

[
−1

3
cos3 φ

]π/2

0

1

5
=

2π

15
.

From the calculation of m above we conclude that z̄ = 1
m

2π
15

= 8
15

. Thus
(
0, 0, 8

15

)
is the mass center of the given hemisphere H.
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