LIMIT SPECTRAL DISTRIBUTION
FOR NON-DEGENERATE
HYPERSURFACE SINGULARITIES

PATRICIO ALMIRON AND MATHIAS SCHULZE

ABSTRACT. We establish Kyoji Saito’s continuous limit distribution for
the spectrum of Newton non-degenerate hypersurface singularities. In-
vestigating Saito’s notion of dominant value in the case of irreducible
plane curve singularities, we find that the log canonical threshold is
strictly bounded below by the doubled inverse of the Milnor number.
We show that this bound is asymptotically sharp.

1. INTRODUCTION

Let f: (C"*1,0) — (C,0) be the germ of a holomorphic function with
isolated critical point 0 and Milnor number p. Its spectrum is a discrete
invariant formed by p rational spectral numbers (see | , 11.8.1])

ai,...,a, € QN (0,n+1).

They are certain logarithms of the eigenvalues of the monodromy on the
middle cohomology of the Milnor fibre which correspond to the equivariant
Hodge numbers of Steenbrink’s mixed Hodge structure. In the context of
Poincaré polynomials it is convenient to consider the spectrum as a polyno-
mial

o
Spy(t) :=> " € Z[Q),

i=1

K. Saito | | was the first to study the asymptotic distribution of the

spectrum. He considered the normalized spectrum of f,
Sp(T) 1&
X¢(t) = M =— ZT"J', T = exp(2mit),

I et

as the Fourier transform of the discrete probability density on the interval
(0,n+1),

;&
- Z(S(s — y)ds,

K i=1
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where §(s) is Dirac’s delta function. In the case of Brieskorn-Pham singu-
larities (see Example 4.1) he identified a continuous limit probability distri-
bution Ny defined by

Nosi(s)dsi= [ o(w0) -+ p(n)do -~ i,

To+Tn=s

where ¢ is the indicator function of the unit interval [0, 1],

1 ifzefo,1
pla) = {o if 2 ¢ [0,1].

Under the Fourier transform F, N, 1 corresponds to the power
(L.1) F(Npy1) = F(p)"+,

K. Saito | , (2.5)1)] suggested to find singularities for which x s con-
verges to Np4+1. Our main result establishes his limit spectral distribution
for Newton non-degenerate singularities.

Theorem 1.1. For a fized Newton diagram I', consider the Newton dia-
grams wl’ obtained from I' by scaling with the factor w. Then we have

(1.2) lim Xfw = f(Nn_;,_l),

w—r 00

where fo is any Newton non-degenerate function germ of n 4+ 1 wvariables
with Newton diagram w?.

The proof is given in §4. Combined with the following remark, our result
generates new cases where Saito’s limit distribution is valid for a suitably
chosen limit as in (1.2). The general choice of limit is unclear.

Remark 1.2. K. Saito | , (3.7), (3.9), (3.2.1)] proved the following facts.

(a) For quasihomogeneous f of degree 1 with respect to weights w, . . ., wy,
(1.2) holds, even with limg_, replaced by limy,,... w,—0-
(b) For irreducible plane curve singularities f with Puiseux pairs (n1,01), ..., (ng,ly),

lim x¢ = F(No).

Nng—>00
(¢) The join f + g of two functions in disjoint sets of variables satisfies

Xf+g = Xf " Xg-
Therefore (1.2) is compatible with joins by (1.1).

K. Saito [ , (2.5)ii), (2.8)1)] further suggested to describe up to
what extent the spectral distribution is bounded by N,+; and introduced
the notion of (weakly) dominating values. Consider the function

r 1 H
O [0,1] = R, r— / Npti(s) — — Zé(s — a;)ds
0 i
defined by the difference of the continuous and discrete spectral distribu-
tions. By definition 0 < r < "TH is a dominating value if ®¢(r) > 0 for all f
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in n + 1 variables. A weakly dominating value is defined by replacing < by

<and [; by [; for all € > 0. In particular, K. Saito | , (2.8)1v)] for-
mulated the following question which by work of M. Saito | | extends
Durfee’s conjecture on the geometric genus

(1.3) pg = i | ai <1}

from the case of surface singularities.

Question 1.3. Is 1 a dominating value for all n > 27 In other words, for f
in n + 1 variables, is the geometric genus bounded by

W
< ——=7
Pg (n+1)!
Kerner and Nemethi [ | give a positive answer for Newton non-
degenerate singularities with Newton diagram wI" for sufficiently large w.
As opposed to Question 1.3, Hertling’s variance conjecture [ , Conj. 6.7]
addresses the distribution of the spectrum in its full range.

Conjecture 1.4 (Hertling’s Variance Conjecture). The variance of spectral
numbers a1 < -+ - < oy is bounded by

gy e
2 o p— M
ne= 2/ T 12

It was confirmed by Brélivet | ; | for Newton non-degenerate
singularities and for plane curves. We refer to Brélivet and Hertling | ]
for refined investigations in this direction.

In §3, we investigate (the extremal) spectral numbers below 1 for their
dominance in the case n = 1 of irreducible plane curve singularities C' =
f71(0). For a single Puiseux pair (p,q) we describe these spectral values in
terms of the value semigroup S = (p,q) of C (see (3.5)). This is can be used
to visualize the graph of ®¢ as a difference ( see Figure 1).

One can write the smallest spectral number, the log canonical threshold,

as 1 4+ % and the largest below 1 as 1 — %. For these extremal spectral

P
numbers we prove the following

Proposition 1.5. If f(z0,21) has a single Puiseux pair (p,q), then
(a) <I>f(% + é) > 0 unless p =2 and q € {3,5}, with lim,_, q)f(% +4H=o,

q
(b) ®f(1— o) <0 with limg 0o (1 — o) = 0.

For general irreducible plane curve singularities, Igusa | , Thm. 1]
showed that the log canonical threshold depends only on multiplicity and
the first Puiseux exponent (see also [ , Proof of Thm. 1.1]). It thus
equals Bio + B—ll where 8, 31 are the two smallest minimal generators of the

value semigroup. The statement of Proposition 1.5.(a) remains valid in this
extended generality.
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0.5

FIGURE 1. The function ®; as a difference for S = (5,9).

Theorem 1.6. For any irreducible plane curve singularity C = f~(0) with

value semigroup different from (2,3) and (2,5), we have Qf(gi + EL) > 0.
0 1

In other words, the squared log canonical threshold is bounded by

( L1 >2 :
Bo B H
Moreover, limggﬁoo dp(L +2L)=0.

In particular, Theorem 1.6 provides a quite surprising constraint on the
first Puiseux pair of an irreducible plane curve singularity with a given
Milnor number.

Acknowledgements. The first named author wants to thank the sec-
ond named author for his kindness and facilities for hosting him at TU
Kaiserslautern in a pleasant working atmosphere during his research stay in
September—November 2020 despite the difficulties of travels and face to face
work due to the COVID19 pandemic.
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2. SPECTRUM OF NON-DEGENERATE SINGULARITIES

Suppose that f: (C"t10) — (C,0) is Newton non-degenerate. This

means that there are local coordinates zy, ..., z, such that
J=f(20,---,2n) € C{z0,...,2n} = Ognt19 =: O

is a Newton non-degenerate convenient power series (see | , 1.19 Def ]

and | , I1.8.5]). Let I" denote the Newton diagram of f. We write 0 € I'

to indicate that o is a face of I'. For o,7 € I, write 7 < ¢ if 7 is a face of
o. By g, we denote the polynomial obtained from the power series g € O
by restricting the monomial support to the cone of o.

There is a (decreasing) Newton filtration N defined by I on O. Following

Steenbrink [ , (5.6)], denote the Newton graded ring associated to O by
A:=gry O
and the principal parts of zo%fo, .. ,zn(%; with respect to N by Fy, ..., F,.

For ¢ € ' let A, be the corresponding graded subring of A and denote by
d(o) :=dim A, = dim Qo = dimo + 1

its dimension.

The Brieskorn module (see | ; )]
Qf = Q?gn1+170)/df A Q?(C"‘H,O)
also carries a Newton filtration which is induced by the inclusion
z20"2n
QUtLy ) = Odzg A wos Nz — 220 O
(2.1) i l
0 0
Qyp « O/(zoa—;;,...,zn%}
M. Saito [ | and Varchenko—Khovanskil | | identified the Poincaré

series of {1y with the singularity spectrum of f defined by Steenbrink [ .

Theorem 2.1 (M. Saito, Varchenko-Khovanskii). For Newton non-degenerate
f, the Poincaré series of the Newton filtered vector space §1; reads

pay(t) =t + - + 1% =: Sp(t)
where aq, ..., oy, is are the spectral numbers of f. ([

The inclusion (2.1) identifies

of of
2.2 Qr =202 e
(22) FE2z (9/<Zoaz0 z 8zn>
gI‘NQf = A/(Fo,,Fn> =: Hf
Based on results of Kouchnirenko | | (and Hochster | ]) Steen-
brink | , (5.7)] gave a formula for for Newton non-degenerate f decom-

posing pp, = Spy with respect to faces of the Newton diagram: For a face
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o € I' he first writes the Poincaré series of the subspace of A, /(Fo.5, - -, Fn o)
corresponding to the interior of the cone Q>go of o as

Go(t) = Y (=1)* D (1 — )" Dy (8).
T<o
Denote the minimal dimension of a coordinate space containing o € I" by
k(o) :=min{k € Z | Jiy,...,i € {0,...,n}: 0 C Qe;; +--- + Qe;, }.
Then Steenbrinks formula is given by

Theorem 2.2 (Steenbrink). For Newton non-degenerate f in n + 1 vari-
ables, the Poincaré series of Hy can be written as

pr (1) = Y (1" o) (1 = 1) pa, (1)
oel
— Z (_1)n+17d(0)(1 o t)k(o’)fd(cr)qg(t). 0

7<c€el

3. IRREDUCIBLE PLANE CURVE SINGULARITIES

In this section, we elaborate on the case n = 1 where f defines an irre-
ducible plane curve singularity C' = f~1(0). We first consider the case of a
single Puiseux pair and prove Proposition 1.5, then move on to the general
case and prove Theorem 1.6.

Suppose first that C' as a single Puiseux pair (p,q). Then f is Newton
non-degenerate with Newton diagram I' consisting of a single line segment
[(p,0), (q,0)] and defines an irreducible plane curve singularity C = f~1(0).
The function f is semiquasihomogeneous of weighted degree 1 with respect
to weights

(31) wo = —, wy = —, d:= pq,

on variables zg, z; and can be written explicitly as
f(z0,21) = 25 + 2] + Z a; j207].
ip+jq>d
The normalization C — C' is given by
Oc = O/(f) —— O = O¢ = C{t},
(3'2) Zo 9+
Zl i tp + e,

The valuation v: O — N, v(t) = 1, defines the value semigroup

S :=v(0c\{0}) = (p,q) CN.
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Due to the finiteness of the normalization S has a finite set of gaps N\ S,
which yields £ + N C S for £ > 0. The minimal such k is the conductor of
S and equals the Milnor number (see | , Prop.1.2.1.1)])

(3.3) p=(p—1)(g—1).

The Gorenstein property of C is reflected by the symmetry between elements
and gaps (see [ 1)

s 1,7\ 8,

a— u—1—a.

(3.4)

The normalized valuation v/d induces the filtration O¢ defined by weights
w = (wp,wi) on zp,21. By assumption, this is the Newton filtration N.
Factoring (3.2) as

O¢ — C{t}

I }

O/ {05k, k) —— C{t}/it?)
and using (2.1) yields a Newton filtered inclusion
dzoNdz
O/Niug O 5 QN —— C{t}/(t).

This identifies the corresponding ranges of spectral numbers and of values
in the semigroup by means of

{aoe{a,....au} |a<1+wy+wi} 5 5/(d),
(3.5) o > doo —p — q,
B+ wo +wy k.

The smallest spectral number wy 4+ wy corresponds to 0 € S, and the gap
w— 1 of S defining the Gorenstein symmetry (3.4) corresponds to the non-
spectral number 1. It follows that (1.3) can be written explicitly as

.. 1+1 741 7
(3.6) pg=|{(m)€N2!T+T<1}|=|N\S|=§‘

Under (3.4) the gap 1 € N\ S is the mirror of 1 — 2 € S and corresponds to
the largest spectral number 1 — wow; < 1 by (3.5).

After these preparations we are ready to give the

Proof of Proposition 1.5.
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(a) Using (3.1) and (3.3) we compute

2
(37) M(I)f(’wo —|—w1) = H(wo —|—w1)2 — 1= w <1 + 1) -1

2 2 P q

_(p=D(g-Dp+9)?* -2
2p*q°
_ (pa—p—q+ 1)@ +2pq +¢°) — 2p°¢*
2p°¢?
_ 2pq+p°q = 30— p’ +p* +p¢’ — 3p® — ¢’ + ¢
2p2q2

1 ~3¢-p+1 ~3p—q+1
_ L pazBe-prl pa-dp—gl

pq 2q 2p

which tends to 0 for p — oo. If p > 4 and ¢ > 5, then (3.7) is positive since
pg—3q—p+1=plg—1)-3¢+1>4¢—4-3¢+1>¢—-3>0,
pg—3p—q+1=p(g—3)—q+1>4¢g—12—q+1>3¢— 11> 0.

If p = 3, then (3.7) becomes

i_l+2q—8 _2¢3 —8¢* +6g— 18
3¢ 2¢2 8 1842 ’
which is positive if ¢ > 4. Finally, if p = 2, then (3.7) becomes

1 q+1 ¢g-5 ¢ —5¢2—4
2q  2q¢2 8 8¢? ’
which is positive if ¢ > 6, but negative if ¢ € {3,5}.
(b) Using (3.6) and (3.1) we compute
1 1 1

1
<I>f(1 — UJOU)l) = 5(1 — ’UJO'UJ1)2 - 5 = _ﬁ = —W < 0,

which tends to 0 for ¢ — oo.
O

Consider now an irreducible plane curve singularity C' = f~1(0) with
arbitrary number g of Puiseux pairs. To prepare the proof of Theorem 1.6,
we review some standard integer invariants (see | , Ch. II, §1-3]): Let

Bo<Br<-<By

denote the minimal generators of the value semigroup of C' and set

_ _ i1 B,
(38) €; == ng(/807/817"‘76i)7 n; == . ’ q; ‘= —
€; €;
for ¢ =0,...,g. These greatest common divisors form a strictly decreasing
sequence

(3.9) Bo=e€o>e1 > >e;=1.



LIMIT SPECTRAL DISTRIBUTION 9

Moreover, the minimal generators of the value semigroup satisfy inequalities
(3.10) ni-1B;_1 < B;

for ¢ = 1,...,9. The characteristic Puiseux exponents of C' are defined
recursively by

(3-11) Bo = 307 B = Bh Bi = Bz - ni—lgi_1 + Bi-1,
fori=2,...,¢9. By (3.10) they form a strictly increasing sequence

(3.12) 1< By < B <+ < By
The Milnor number of f can we written as (see | , ChII, §3, (3.14)])
(3.13) Mzzg:@'(ei—l —e;) = fo+ 1.
i=1
On the other hand, A’Campo showed that (see | , Thm. 3.(ii)])
(3.14) p= Zgzemz‘, pi = (n; —1)(gi — 1).
i=1

Proof of Theorem 1.6. The case where g = 1 is covered by Proposition 1.5.(a).
Using (3.9) and (3.12), we find a lower bound

g—1
(3.15) p=—PBgeq + Z(ﬁiﬂ — Bi)ei + Breg — Bo + 1
i=1

> —fBgeq + Breo — o+ 1
=By +Bo(f1—1)+1
> =By + Bob1 — Po-

Suppose first that g > 3. Using (3.13) and (3.15), we compute
(Bo + B1)*p = 28581 = (Bg + 26081 + Bi)n — 2655

g
> Zﬂgﬁi(ei_l —ei) — B3+ 5o
i=1

g
+Y " BiBi(ei—1 — i) — BBt + B

=1

—2B0B184 — 26351

g—1 g—1
> BB+ Y BB — B — Bof
i=1 =1

+ (Bo — B1)*By — 28551
> 26381 + 287 — B3 — BoBt — 26381 > 0.
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It follows that
1 1 1 1 1 2 1 2, _ 93232
Bo B 2\By B w 28587 1
Suppose now that g = 2. By (3.14), (3.8), (3.9) and (3.10),
erpn = (n1—1)(By —e1) =mfy — B —eo+er <mPy < fp—1=ga—1
and hence

(3.16) [ — et = ey + eapz — €3
>e1(l+ex(ne —1) —eq)n
=e(l4+e —ex—e1)n
=e1(1—ex)p; =0.

If (n1,q1) ¢ {(2,3),(2,5)}, then by (3.8), Proposition 1.5 and (3.16)
e :121<1+1>2_1>121_1:@e%m>0,
Bo b1 ef2\n1 @ Boooetpr M ey
Otherwise, we have n; = 2 < e; = ng and (3.10) yields g2 > 2e1q;. Using

(3.14) it follows that

p=(e1—1)(2—1) +eilq —1)
> (e1 —1)(2e1q1 — 1) +e1(qn — 1)
=2e1q1(e1 — 1) +e1(qn —2) +1
=2q1€] — (q1 +2)e1 + 1
and hence
78e? — 125e1 + 25  if ¢ = 3,
(2+q1)*n — 8elqi = {2902% — 34321 +49 if Z =5.

In both cases e; > 2 implies
o ( 11 > (i + 1)’ —2eintal _ (2+qu)*n—8etqf

By By

2,2 2 2 2
2eqnigip 8e1qip
4. LIMIT SPECTRAL DISTRIBUTION

In this section we return to the general setup of §2 and prove our main
result Theorem 1.1. Our approach is to subdivide the Newton diagram and
mimic an argument of K. Saito (see [ , (2.2), (3.7)]). We begin with
his motivating

Ezample 4.1 (Brieskorn—Pham type singularities). Suppose first that n = 0
and f = f(z) = 2¢ is quasihomogeneous of degree 1 with respect to the
weight w = 1/d on z with Milnor number 4 = d — 1. By (2.2), H = (z) C
C{z}/(z%) and hence
ttv—t —1) ot —tv

1—tw w1

pr(t) =
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By Theorem 2.2, using L’Hopital’s rule in the second step,

pu(T)
4.1 1 = lim ——=
(41)  limx,(t) = lim .
i w  exp(2mit) — exp(2mitw)
= lim

w—01—w exp(2mitw) — 1

, exp(2mit) — exp(2mitw) — 2mitw exp(2mitw)

= lim

w—0 1 — exp(2mitw) + 2mit(1 — w) exp(2mwitw)
exp(2mit) — 1  exp(mit) exp(mit) — exp(—mit)

2mit Tt 2i
it
— P ) = F(o)(8).
Tt
Consider now f = fo + -+ + fn, where f; = fi(z;) = zgj, which is quasi-
homogeneous of degree 1 with respect to weights wg = 1/dy, ..., w, = 1/d,

on the variables zo,..., 2, with Milnor number u = pu; = H?:o pf;- Then
H=Hy=Hj Qc - ®c Hy, and hence, by the first part and (1.1),

lim H lim Xy, (t) = F(@)" ' (t) = F(Nnsa)(t).
WO .., Wy —0 w; —0

In this sense the normahzed spectrum converges in distribution to the con-

tinuous probability distribution Nj,41.

For our purpose we adapt the calculation (4.1) as follows.
Lemma 4.2. lim, 0 w% = F(p)(t).

Proof. Using I’Hopital’s rule in the second step and (4.1), we compute

) 1-T . w- (1 —exp(2mit))
lim w = lim -
w—0 1 =T ws0 1— exp(2mitw)

) 1 — exp(2mit)

= lim . -
w—0 —27it exp(2mwitw)
1 —exp(2mit)

N —2mit
For the subdivision of the Newton diagram we rely on the following general
result. The basis of a rational pointed cone ¢ are the irreducible integral
vectors ag,...,ap on its rays. If it extends to a lattice basis, then o is
called regular. In this case ¢ is a simplicial cone and the convex hull of
{0, ap,...,ai} has k-dimensional volume 1 (see | , §1.1]). A rational
fan is called regular if all its cones are regular. Varchenko | , Thm. 1,

Remark] pointed out the following

= F(p)(®). -

Theorem 4.3. Any finite rational fan has a regular subdivision. (]

Finally, we make use of Kouchnirenko’s formula | , Thm. I] for the
Milnor number of Newton non-degenerate singularities in terms of volumes.
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Theorem 4.4 (Kouchnirenko). The Milnor number of any Newton non-
degenerate f in n + 1 variables can be written as

p=(n+1)WVpeq —nlVy 4+ 1(=1)"V; 4 (—1)"H,

where Vi, is the sum of k-dimensional volumes of the intersection of the
convex hull of T'U {0} with the k-dimensional coordinate planes. ]

We are now ready for the

Proof of Theorem 1.1. By Theorem 4.3, I' has a subdivision I corresponding
to a regular subdivision of its fan of cones. For any 7 € I let wyg, ..., w;, be
the weights of the basis of Q>o7 N Z. Then

dim 7

pa, ()= 3 (DM (1), pat) =[]

I'st<o Jj=0

1
(1—t“7)

Substituting into Steenbrink’s formula from Theorem 2.2 yields

1 —t)k)
PH; (t) = Z (_1)n+1_d(7—) d(imT ) wliy’
I>7<oel Hj:O (1 -t )

Passing to @I, w] is preplaced by ew] where ew = 1 and hence

n+1—d(T 1—1t k(o)
PH;_ (t) = Z (_1) ) di(mT 1) ewly "
fSTSUEF H ( -t )

j=0
By Theorems 2.1 and 4.4,

(42)  dim () = tim 2

k()
=Y () gy 2 UZOTT
w00 [If_ Hj:O (l—t j)

fSTSUEF

n+1 . -
(4.3) o = Y (1) iy,

§=0

Fix ' 57 <o €T. Let V(7) be the d(7)-dimensional volume of the convex
hull of 7 U {0}. Note that

(4.4) Y V(T) = Vo,

rel
d(T)=n+1

d(7)

(4.5) 1/V(r) =d) [ ] w}.

=0
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The summand in (4.2) indexed by 7 is then computed using (4.5), Lemma 4.2
and (4.3):

1 (1—T)k@)

lim < _
wooo e [[557 (1= T°%9)
[ = dim 7 -
| d(T) B d(r)
= 1 AOVIDZ (1 — T)k(@)=d() (hm wi )
w—00 B w—0 1 —Tw
o dWVEE D e
s fifer (1-1) F(Nar))(1)
V(r .
— V71(+2‘F(Nn+1)(t) if d(’]’) =n-+ 1’
0 if d(r) <n+1.
The claim now follows by substituting into (4.2) and applying (4.4). 0
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