A RESIDUAL DUALITY OVER GORENSTEIN RINGS WITH
APPLICATION TO LOGARITHMIC DIFFERENTIAL FORMS

MATHIAS SCHULZE AND LAURA TOZZO

ABSTRACT. Kyoji Saito’s notion of a free divisor was generalized by the first author
to reduced Gorenstein spaces and by Delphine Pol to reduced Cohen—Macaulay spaces.
Starting point is the Aleksandrov—Terao theorem: A hypersurface is free if and only if
its Jacobian ideal is maximal Cohen-Macaulay. Pol obtains a generalized Jacobian ideal
as a cokernel by dualizing Aleksandrov’s multi-logarithmic residue sequence. Notably it
is essentially a suitably chosen complete intersection ideal that is used for dualizing. Pol
shows that this generalized Jacobian ideal is maximal Cohen—Macaulay if and only if the
module of Aleksandrov’s multi-logarithmic differential k-forms has (minimal) projective
dimension k —1, where k is the codimension in a smooth ambient space. This equivalent
characterization reduces to Saito’s definition of freeness in case k = 1. In this article we
translate Pol’s duality result in terms of general commutative algebra. It yields a more
conceptual proof of Pol’s result and a generalization involving higher multi-logarithmic
forms and generalized Jacobian modules.
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1. INTRODUCTION

Logarithmic differential forms along hypersurfaces and their residues were introduced
by Kyoji Saito (see | |). They are part of his theory of primitive forms and period
mappings where the hypersurface is the discriminant of a universal unfolding of a function
with isolated critical point (see | : |). The special case of normal crossing divisors
appeared earlier in Deligne’s construction of mixed Hodge structures (see | |). Here
the logarithmic differential 1-forms form a locally free sheaf. In general a divisor with
this property is called a free divisor. Further examples include plane curves (see | ,
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(1.7)]), unitary reflection arrangements and their discriminants (see | , Thm. C|) and
discriminants of versal deformations of isolated complete intersection singularities and
space curves (see | , (6.13)] and | ]). Free divisors also occur as discriminants
in prehomogeneous vector spaces (see | |). In case of hyperplane arrangements the
study of freeness attracted a lot of attention (see |

Let D be a germ of reduced hypersurface in Y = (C",0) defined by h € Oy. The
Oy-modules Q%(log D) of logarithmic differential ¢-forms along D and the &p-modules
wh, of regular meromorphic differential p-forms on D fit into a short exact logarithmic
residue sequence (see | , §2] and | , §4])

0—— Qf —— Qi(log D) it wh ! 0.

Denoting by vp: D — D the normalization of D, (vp).0Op C w} (see | , (2.8)])-
For plane curves Saito showed that equality holds exactly for normal crossing curves (see
[ , (2.11)]). Granger and the first author (see | |) generalized this fact and thus
extended the Lé-Saito Theorem (see | ]) by an equivalent algebraic property. They
showed that (vp).0p = w) if and only if D is normal crossing in codimension one, that
is, outside of an analytic subset of Y of codimension at least 3. The proof uses the short
exact sequence

0 Ip o Oy Der(—log D) +—0

obtained as the Oy-dual of the logarithmic residue sequence. It involves the Jacobian
ideal Jp of D, the Oy-module Oy := Derc(0y) = (Q5,)* of vector fields on Y and its
submodule Der(—log D) = Q!(log D)* of logarithmic vector fields along D. It is shown
that w) = J7 and that Jp = (w)* if D is a free divisor. In fact freeness of D is
equivalent to Jp being a Cohen-Macaulay ideal by the Aleksandrov—Terao theorem (see
[A1655, §2] and [Ters0, §2)).

As observed by first author (see | |) the inclusion (vp).0p C wf can be seen as
(vp)sw — wp. He showed that (vx).w} = wy is equivalent to X being normal crossing
in codimension one for reduced equidimensional spaces X which are free in codimension
one. Here freeness means Gorenstein with Cohen—-Macaulay w-Jacobian ideal. As the
latter coincides with the Jacobian ideal for complete intersections (see | , Prop. 1]),
this generalizes the classical freeness of divisors which holds true in codimension one.

Multi-logarithmic differential forms generalize Saito’s logarithmic differential forms re-
placing hypersurfaces D C Y by subspaces X C Y of codimension k > 2. They were first
introduced with meromorphic poles along reduced complete intersections by Aleksan-
drov and Tsikh (see | , |), later with simple poles by Aleksandrov (see | :
§3]) and recently along reduced Cohen—Macaulay and reduced equidimensional spaces by
Aleksandrov (see | , §10]) and by Pol (see | , §4.1]). The precise relation of the
forms with simple and meromorphic poles was clarified by Pol (see | , Prop. 3.1.33|).
Here we consider only multi-logarithmic forms with simple poles.

The Oy-modules Q9(log X/C') of multi-logarithmic ¢g-forms on Y along X depend on the
choice of divisors Dy, ..., Dy defining a reduced complete intersection C' = DiN---ND;, C
Y such that X C C'. Consider the divisor D = D U---UD,, defined by h = hy---hy, € Oy.
Due to Aleksandrov and Pol there is a multi-logarithmic residue sequence

q
resx/c

(1.1) 0 ¥, Q4(log X/C) —5 Wk ——0
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where 3 = Z(D) is obtained from the ideal Zo of C' C Y and w¥ is the &x-module of
regular meromorphic p-forms on X (see | , §10] and | , §4.1.3|). Pol introduced
an Oy-module Der®(—log X/C) of logarithmic k-vector fields on Y along X and a kind
of Jacobian ideal Jx,c of X that fit into the short exact sequence dual to (1.1) for ¢ = &

<_’aX>

(1.2) 0+— Jxjc —— 0% «—— Der’(—log X/C) «+—0

where 6. = Ay Oy and [ ax } € w% is a fundamental form of X (see | :

hi,..., hg
§4.2.2-3]). Notably the duality applied here is —* = Homg, (—,3). Pol showed that
Cohen—Macaulayness of Jx/c serves as a further generalization of freeness. In fact the

property is independent of C (see | , Prop. 4.2.21]) and Jx/¢ coincides with the
w-Jacobian ideal in case X is Gorenstein (see | , §4.2.5]). By relating X- and Oy-
duality Pol established the following major result (see | , Thm. 4.2.22] or | ])-

In particular it generalizes Saito’s original definition of freeness to the case k > 1.

Theorem 1.1 (Pol). Let X C C CY = (C",0) where X is a reduced Cohen—Macaulay
germ and C a complete intersection germ, both of codimension k> 1 1inY. Then

pdim(Q*(log X/C)) > k — 1
with equality equivalent to freeness of X.

In §2 we pursue the main objective of this article: a translation of Theorem 1.1 in
terms of general commutative algebra. The role of Oy — O¢ = Oy /I is played by a
map of Gorenstein rings R — R = R/I of codimension k£ > 2. For dualizing we use

—!' =Homg(—,I), —Y =Homp(—,wg), —=Homp(—,wx)

where wp is a canonical module for R and @iz = R ®p wg, which is a canonical module
for R due to the Gorenstein hypothesis (see Notation 2.1). Modelled after the multi-
logarithmic residue sequence (1.1) along X = C we define an I-free approximation of a
finitely generated R-module M as a short exact sequence

0 IF——M w 0

where F is free and W is an R-module. More precisely M plays the role of Q%(log X/C)(—D)
which, as opposed to Q4(log X/C), is independent of the choice of D. The I-dual sequence

0 Vet YA oyt! 0

plays the role of the Y-dual sequence (1_2) for X = C. In Proposition 2.13 we show that
M is I-reflexive if and only if W is the R-dual of V. Our main result is

Theorem 1.2. Let R be a Gorenstein local ring and let I be an ideal of R of height k > 2
such that R = R/I is Gorenstein. Consider an I-free approzimation

p

0 IF—> M w 0
of an I-reflexive finitely generated R-module M with W # 0 and the corresponding I-dual

A

0 V= FV M’ 0.

Then W =VV andV is a mazimal Cohen-Macaulay R-module if and only if G-dim(M) <
k — 1. In this latter case V.= WY is (wr-)reflexive. Unless @ := R ® « is injective,
G-dim(M) > k — 1.
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Due to the Gorenstein hypothesis, Theorem 1.2 applies to the complete intersection
ring R = O¢, but in general not to R = Ox. In §2.5 we describe a construction to
restrict the support of an I-free approximation to the locus defined by an ideal J < R
with I C J. Lemma 3.15 shows that it is made in a way such that the multi-logarithmic
residue sequence along X is obtained from that along C' by restricting with J = Zx.
Corollary 2.29 extends Theorem 1.2 to this generalized setup.

In §3 we apply our results to multi-logarithmic forms. We define &y-submodules
Der?(—log X) C ©% of logarithmic ¢-vector fields on Y along X independent of C' and
show that Der®(—log X) = Der*(—log X/C). We further define Jacobian &x-modules
T C Ox ®p, O of X independent of C' and Y such that JgmX = Jxjc. The
Y-dual of the multi-logarithmic residue sequence reads

0 (e ot e Der?(—log X) +—0

where oX is contraction by ax. As a consequence of Corollary 2.29 we obtain the following

result which is due to Pol in case ¢ = k (see | , Prop. 4.2.17, Thm. 4.2.22|).

Theorem 1.3. Let X C C CY = (C",0) where X is a reduced Cohen—Macaulay germ
and C a complete intersection germ, both of codimension k > 2 in'Y. For k < q <n,
wi™* = Homy (T8 %, wx) where wy = Homg,(Ox, Oc)(D) and pdim(Q9(log X/C)) >
k—1. Equality holds if and only if Ty is mazimal Cohen—Macaulay. In this latter case

77 — Homg, (W " wx) is wx-reflezive.
The analogy with the hypersurface case (see | , (1.8)]) now raises the question

whether J¢ 7 being maximal Cohen-Macaulay for ¢ = k implies the same for all ¢ > k.
An explicit description of the Jacobian modules is given in Remark 3.25.

Acknowledgments. We thank Delphine Pol and the anonymous referee for helpful com-
ments.

2. RESIDUAL DUALITY OVER GORENSTEIN RINGS

For this section we fix a Cohen-Macaulay local ring R with n := dim(R) and an ideal
I < R with k := height([) > 2 defining a Cohen—Macaulay factor ring R := R/I. These
fit into a short exact sequence

(2.1) 0 I R—/R 0.
Note that (see | , Thm. 2.1.2.(b), Cor. 2.1.4])

n — dim(R) = grade(I) = height(I) = k > 2.
In particular I is a regular ideal of R and hence any R-module is R-torsiomn. o
We assume further that R admits a canonical module wg. Then also R admits a
canonical module wg (see | , Thm. 3.3.7]).

Notation 2.1. Abbreviating Wr := R ®r wr we deal with the following functors
—*:=Homg(—, R), —":=Homg(—,wr),
—I = Hompg(—, Iwg), —" := Homg(—,TR).

In general Wp % wp and —Y is not the duality of R-modules. For an R-module N,

N* = Homz(N, R) but NV means either Homp(N,wr) or Homz(N, wg), depending on
the context. For R-modules M and N, we denote the canonical evaluation map by

6M,N: M—>HOH1R(HOIHR(M,N),N>, m +—» (@*—)@(m))
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Whenever applicable we use an analogous notation for R-modules. We denote canonical
isomorphisms as equalities.

Lemma 2.2. Let N be an R-module. Then Ext’y(N,wg) =0 fori <k and NT = 0.

Proof. The first vanishing is due to Ischebeck’s Lemma (see | , Satz 1.9]), the second
holds because wgr and hence Twg is torsion free (see | , Thm. 2.1.2.(c)|) whereas N
is torsion. U

2.1. I-duality and [-free approximation.

Lemma 2.3. There is a canonical identification wr = I' and a canonical inclusion
I < wh. They combine to the map Or1u,: I — I'' which is an isomorphism if R is
Gorenstein.

Proof. Applying —" to (2.1) and Hompg(I, —) to Iwg < wg yields an exact sequence with
a commutative triangle

V

(2.2) Exty (R, wg) v WR R 0
| A
I

The diagonal map sends ¢ € wg to the multiplication map p(e): I — Iwg,  — x - €.
With Lemma 2.2 it follows that wp = IV = I'.

There is an isomorphism R = Endg(wg) sending each element to the corresponding
multiplication map (see | , Thm. 3.3.4.(d))]). Applying Hompg(wg, —) to lwg — wg
yields a commutative square

(23) RTEndR(wR)

] . ]

T—

If R is Gorenstein, then wh = Homp(R,I) = I and ¢ is an isomorphism.
Combined with the above identification wp = I?, §’ defines a map 6: I — I'!. Since

o(z)(u(e)) = 0'(x)(e) = 7 - & = p(e)(x) = 01,105 () (11(e))
for all x € I and € € wg, in fact 0 = I7 14y, O

Definition 2.4. If F' is a free R-module, then we call [F = I ®g F' an [-free module.
An R-module M is called I-reflezive if dps 1.y, M — M is an isomorphism.

Proposition 2.5. Let I be a free R-module F. Then FY = (IF)! by restriction. The
adjunction map [F — FVT is induced by the isomorphism Orwy and identifies with drp 1o, -
In case R is Gorenstein, I F' 1s I-reflexive.

Proof. Applying Hompg(F, —) to u in (2.2) yields F¥ = (I F)! by Hom-tensor adjunction.
Applying F ®g — to (2.3) yields a commutative square

I

FwR

— FVV

F\/I



where the bottom row is adjunction. In fact, using Lemma 2.3,

IF=1®rF — FQpwh =F ®g Homg(wg, [wr)
= Hompg(F ®g wg, [wg)
= Hompg(F ®@r Hompg (R, wgr), Iwg)
= Hompg(Hompg(F ®r R,wr), [wg)
= Hompg(Homg(F,wg), Iwg) = F/,
x-e (Y x-h(e)).
Identifying FV = (I F)! using Lemma 2.3 yields with the map x in diagram (2.2)

e — (o) © ule) — z-(e) = - & = p(e)(@).
Adjunction thus becomes identified with d7r ,,. The last claim is due to Lemma 2.3. [

Definition 2.6. Let M be a finitely generated R-module. We call a short exact sequence

(2.4) 0 IF MW 0

where F' is free and_IW = 0 an [-free approzimation of M with support Supp(W). We
consider W as an R-module. The inclusion map ¢: IF < F = M defines the trivial
I-free approximation

0 IF F F/IF ——0.

A morphism of I-free approximations is a morphism of short exact sequences.

Lemma 2.7. For any I-free approzimation (2.4), ¢ fits into a unique commutative tri-

angle
(2.5) /F
IF—“5 M.
If .= denotes the choice of any preimage under ¢, then k(m) = (= (xzm)/x for any

x € INR*e. If M is mazimal Cohen—Macaulay, then k is surjective. In particular, (2.4)
becomes trivial if in addition k injective.

Proof. Applying Hompg(—, F') to (2.4) yields
Exth(W, F) «— Hompg(IF, F) +“— Hompg (M, F) «— Hompg(W, F) «—— 0.

By Ischebeck’s Lemma (see | , Satz 1.9]), Exty(W, F) = 0 = Homg(W, F) making
t* an isomorphism. Then « is the preimage of the canonical inclusion [ F < F under .*.
The formula for x follows immediately.

Since coker(x) is a homomorphic image of F/IF, dim(coker(k)) <n —k <n —2. If
M is maximal Cohen—Macaulay, then depth(coker(x)) > n—1 by the Depth Lemma (see
[ , Prop. 1.2.9]). This forces coker(x) = 0 (see | , Prop. 1.2.13]) and makes &

surjective. ]
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By functoriality of the cokernel, any ¢ € FY gives rise to a commutative diagram

(2.6) 0—— ITwp Wp — R 0
}o 1
elrr F :¢
/ T |
0 IF s MW 0

with top exact row induced by (2.1) and bottom row (2.4). This defines a map
(2.7) WY «—FV
P —— .

Applying Hompg(F, —) to the upper row of (2.6) yields a short exact sequence

(2.8) 0 FI FV FV 0.

By Lemma 2.2 applying —! to (2.4) and (2.5) yields the exact diagonal sequence and the
triangle of inclusions with vertex F! in the following commutative diagram.

(2.9) 0 v a FVe2  MI/Fl«—0

1S

0 1% “ 0

1

(IF)! «+—F"

—

EXt}%(VV, [CL)R)

By Proposition 2.5, the identification FV = (IF)! in diagram (2.9) is given by
o plirp=pokot
in diagram (2.6). It defines the map \ with cokernel . For ¢ € M! \(v) is defined by
AW ip=vou.

With Extp(W, Iwg) also V is an R-module. Using (2.8) the Snake Lemma yields the
short exact upper row of (2.9). By Lemma 2.2 the commutative square Homg(/F <
M, Iwgr — wg) reads

(IF) L p?
(IF)Y +— M.

This allows one to check equalities of maps M — wg after precomposing with ¢. It follows
that

(2.10) por € M <= pe MM = o= Apok)
for any ¢ € FV.



Definition 2.8. We call the middle row
A

(2.11) 0 e M! 0
of diagram (2.9) the I-dual of the I-free approximation (2.4). We set
(2.12) W = Extp(V, Iwg).

Lemma 2.9. For any I-free approzimation (2.4) the map (2.7) factors through the map
a in (2.9) defining an inclusion v: V. — WY, that is,
WY oV « 2 FV,

Y e
Proof. By diagrams (2.6) and (2.9), equivalence (2.10) and exactness properties of Hom,

P=0 <= Pop=0 <= porc M <= pec AN M) <= a(p)=0. O
Remark 2.10. By Lemma 2.2 applying Homg (W, —) to the upper row of diagram (2.6)
yields

WY = coker Homp(W, 7,) = Exth(W, Twg).
The inclusion of V in the latter in diagram (2.9) uses coker:! < Exth(W, Iwg). The
relation with the inclusion v in Lemma 2.9 is clarified by the double complex obtained
by applying Hompg(—, —) to (2.4) and the upper row of (2.6). By Lemma 2.2 it expands
to a commutative diagram with exact rows and columns

0 0
ExtL (W, Twg) +—— (IF) «“— MT 0
0 (IF)Y " MY 0
Hompg (W,ny,)
(IF)Y MY wv 0

Exty(W, Twg).
An element a(p) € V with ¢ € FY maps to ¢|;r € (IF)!, to por € MY and to g € W".

2.2. I-reflexivity over Gorenstein rings. In this subsection we assume that R is
Gorenstein and study I-reflexivity of modules M in terms of an I-free approximation (2.4).
With the Gorenstein hypothesis F'Y is free and hence

(2.13) Extn(FY,—) = 0.

Proposition 2.11. Assume that R is Gorenstein. For any I-free approzimation (2.4)
and W' as in (2.12) there is a commutative square

M—LsW
ltsM,mR lg
M r w’

and § is an isomorphism if and only if M is I-reflexive.
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Proof. Consider the following commutative diagram whose rows are (2.4) and obtained
by applying —7 to the triangle with vertex F" in diagram (2.9).

(2.14)

5F,wR

The latter is a short exact sequence by Lemma 2.2 and (2.13). The commutative squares
in diagram (2.14) are due to functoriality of 6 and the cokernel. The claimed equivalence
then follows from the Snake Lemma. Proposition 2.5 yields the part of diagram (2.14)
involving dp,,,. This part is just added for clarification but not needed for the proof. [

Lemma 2.12. Assume that R is Gorenstein and consider an I-free approzimation (2.4).
Then the maps v from Lemma 2.9 and 6 from Proposition 2.11 fit into a commutative
square

<\

l Lk

HZ

Proof. Consider the double complex obtained by applying Homg(—, —) to the middle
and top rows of diagrams (2.9) and (2.6). By Lemma 2.2 and (2.13) it expands to a
commutative diagram with exact rows and columns




The Snake Lemma yields an isomorphism &: VV — W'. Attaching the square of Propo-
sition 2.11, the relation 6(w) = £(¢) is given by the diagram chase
mi w

M 1wy (M) ——— d(w)

|

’QZ) ﬁ—)?/] (@) )\ = 5M71wR(m)

I

J|—>Joa:7rwo¢.

Using implication (2.10), diagram (2.6) and Lemma 2.9, one deduces that, with = €
I'NR™ and v = a(y),

rpok € M = 2p = \Nzypok)
= 2Y(p) = Y(zp) = (Yo A) (@@ 0 K) = dur 1w (m)(zp 0 k) = z(p 0 K)(m)
= P(p) = (por)(m)
= (1) = (Poa)(p) = (1m0 ¥)(p) = (my 00 k) (m) = B(w)
= (voa)(p)(w) = v(a(e))(w) = v(v)(w)
= dwan (W) (1(0) = VY (Bwap(w)) (V) = (7 0 Swzy) (w) (v)
)

= 5(w) = &%) = (€0 v’ 0wy (w)
:>3:§OVVO5W@R. O

Proposition 2.13. Assume that R is Gorenstein and consider an I-free approrimation
(2.4). Then M is I-reflexive if and only if the map vY o Swa, with v from Lemma 2.9
identifies W = VV.

Proof. The claim follows from Proposition 2.11 and Lemma 2.12. U

Lemma 2.14. Assume that R is Gorenstein and consider an I-free approzimation (2.4).
Then the map v from Lemma 2.9 fits into a commutative diagram

\/ 14
wVv \%4
_ (yvoéw,gR W
‘%V,w R)[ 6V75R
WVV\/ VW

VvV

Proof. For any v € V and w € W we have
(O © V™ 0 8v) (V) (W) = 0y, (V7 (v (v)) (W) = Gy, (v (v) 0 1Y) (w)
— (Bvarn(v) 0 ") Brwizg () = Sviz (1) Brwizg (w) 0 )
= dway(w)(¥(v)) = v(v)(w)

and hence v = 5%/@ o vV o dyg, as claimed. i
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Corollary 2.15. Assume that R is Gorenstein and consider an I-free approzimation
(2.4) of an I-refierive R-module M. Then V in diagram (2.9) is (Wg-)reflezive if and
only if v in Lemma 2.9 identifies V = WV.

Proof. The claim follows from Proposition 2.13 and Lemma 2.14. U

2.3. R-dual [-free approximation. In this subsection we consider the R-dual of an
I-free approximation (2.4). The interesting part of the long exact Ext-sequence of —V
applied to (2.4) turns out to be

(2.15) 0+ Exth(M,wg) + Exth (W, wg) & Exti (IF, wg) « Exth (M, wg) + 0.
In fact, applying —" to (2.1) yields (see Lemma 2.17 and | , Thm. 3.3.10.(c).(ii)])
Exty(IF,wg) = F* @p Exty(I,wp) = F* @p Extly ' (R,wg) = 0 for i # 0,k — 1.

In case both R and R are Gorenstein, we will identify the map 3 to its image with the
map @ in (2.9) (see Corollary 2.21). In §2.4 this fact will serve to relate the Gorenstein
dimension of M to the depth of V.

In order to describe the map f in (2.15) we fix a canonical module wg of R with an
injective resolution (E*°,0°),

0 Wr oy ! joc

We use it to fix representatives
Ext’(—, wg) :== H Hompg(—, E*).

Then (see | , Thms. 3.3.7.(b), 3.3.10.(c).(ii)])
(2.16) H' Annp.(I) = H' Hom(R, E*) = Ext’y (R, wg) = dix - wp
where

wg = H* Anng.(I)
is a canonical module of R.
In the sequel we explicit the maps of the following commutative diagram

B

(2.17) Exth (W, wg) Exth (I F,wg)
~Xx

F* @p Exth (I, wg)

= > | Fr@HR1(re)

F*®@pr H*Y(E*/ Anng. (1))

= | F*@(¢

/

Homgzp(W, wg) =W A v = F* ®@pwg

which defines the map /oo’ and its image V'. The maps 7°, x, (, 7 and o' are described
in Lemmas 2.16, 2.17, 2.18, 2.19 and Proposition 2.20 respectively.

Lemma 2.16. For any injective R-module E there is a canonical isomorphism
7: E/Anng(l) —» Homg(I, E), e— —-e=(x—z-e).

In particular, there is a canonical isomorphism 7°: E*/ Annge(I) — Hompg(I, E*).
11



Proof. Applying the exact functor Hompg(—, F) to (2.1) yields a short exact sequence
0 + Homp(I, E) + Homg(R, E) + Homg(R, E) < 0.
Identifying £ = Homg(R, F), e — — - e, and hence
(2.18) Homp(R, E) = Anng(I)
yields the claim. O
Lemma 2.17. For any ¢ € N there is a canonical isomorphism
Xi: F* @p Exth(I,wg) = F* @ H Hompg(I, E*) — H'Hompg(IF, E*) = Exto(IF,wg),
0 @[] = [plir - ()] = [(k 0 )" () - P(1)]
where ¥ € Homp(R, E*) extends ¢ € Homp(I, E*). We set x := X1
Proof. For any 7 € N there is a sequence of canonical isomorphisms
F*®@p H' Hompg(I, E*) = Homg(F, H' Homg(I, E*))
= H'Hompg(F,Hompg(I, E*))
= H'Homg(IF, E*),
the latter one being Hom-tensor adjunction, sending
o2 [~ (f = o) - 18] = [o(f) - ¥])
= [f = o(f) - Yl
= [z f o e(f) (@) = (e f) - )] = [plir - P(1)]
where x € [ and f € F. O
Lemma 2.18. There s a connecting isomorphism
¢: H*"Y(E*/ Annge(I)) — H* Anng.(I) = wg,
[e] = [0 (e)].
Proof. The connecting homomorphism ( in degree k of the short exact sequence
0 — Annge(l) - E* — E*/ Anng. (1) — 0
is an isomorphism since E*® is a resolution and hence H (E®) =0fori > k—1>1. O

Lemma 2.19. For any R-module N there is a canonical isomorphism
v: H*Hompg(N, E*) — Homg(N, H* Anng. (1)) = NV,
9] = (n = [¢(n)]).
Proof. Fix an R-projective resolution (P,,d,) of N and consider the double complex
A** .= Homg(P,, E*) = Homz(P,, Homg(R, E*)) = Homg(P,, Anng. (1))
whose alternate representation is due to Hom-tensor adjunction and (2.18). It yields two
spectral sequences with the same limit. By exactness of Homp(P,, —) and (2.16) and
using the alternate representation the Fs-page of the first spectral sequence identifies
with
'EPT = HP(H*1(A**)) = H? Homg(Py, H? Annge (1)) = 0k, - H? Homp( Py, wg).
By exactness of Hompg(—, E*) the Es-page of the second spectral sequence reads

"B} = H(HP*(A**)) = H' Homp(H"P,, E*) = 8,0 - H' Homp(N., E*).
12



So both spectral sequences degenerate. The resulting isomorphism ”Eg’k — ’Eg’k isy. O

Proposition 2.20. Assume that R is Gorenstein and consider an I-free approzimation
(2.4). Then the map o in diagram (2.17) is induced by

Vod: F*@puwg=F*®g H" Anng.(I) — Homz(W, H* Anng. (1)) = WV,
p ® [a] =2 a],
where ¢ — B is (2.7) with wg = R. In particular, Exth (M, R) = 0 if v/ is surjective.
Proof. The proof is done by chasing diagram (2.17) and the diagram

0 —— Homp(W, B*) ~“ Homp(M, B*) " Homp(IF, B*1) —— 0

l(akl)* l(akl)* J/(akl)*

*

0 —— Homp (W, E¥) —— Homp (M, E¥) —“— Hompg(IF, E*) — 0.

This latter defines the connecting homomorphism £ in (2.15) on representatives as (p*) 'o

(0F1), o (¢*)~! where (+*)~! denotes the choice of any preimage under *.
Let p®[e] € F* @ H*"1(E*/ Anng.(I)). Then by Lemmas 2.16, 2.17, 2.18 and 2.19,
and diagram (2.6) with wg = R

57 () - €] ek (17 0 57 () -

K@lromxw-ml@nF—Tfl—wmwwgk%w 0@ [l
Fr@H*1(r*)
" »® [¢]
F*®¢
(moporop™) [0 (e)] =7 [0 (e) voo o @ [0F(e)]

where p~! denotes the choice of any preimage under p. By diagram (2.6) and Lemma 2.18
the ambiguity of this choice is cancelled when multiplying (p=')* o K*(¢) = porop~?
with 9%1(e) € Annge.(I).

The particular claim follows from diagram (2.17) and the exact sequence (2.15). O

Corollary 2.21. Assume that both R and R are Gorenstein and consider an I-free ap-
prozimation (2.4). Then identifying Wr = wg (see diagrams (2.9) and (2.17)) makes

o =a, V'=V, Exti'(M,R)=ker(a)=M"/F".
In particular, if M is I-reflexive, then Extlf%(M, R) =0 if and only if V is (@Wg-)reflexive.
Proof. Let ¢ — P be (2.7) with wg = R. Pick free generators ¢ € wg and € € wy inducing
the identification Wr = wg by sending € = 7, (¢) — €. Then

FVY@rR=F"Qprup=F'@pwg, W =WY
(P )T PREL PRE, P-Ep-C
By diagram (2.6) and Lemma 2.9 the map F¥ @ R — WV induced by v o a sends
1

(pre)@lm g e=mo((porop™) e)=(Toporop™) m) =% &
13



By Proposition 2.20 this map coincides with v/ o o’ subject to the above identifications.
This shows that o/ = @ and V' = V. By the exact sequence (2.15), the commutative
diagram (2.17) and the exact upper row of diagram (2.9),

Exth (M, R) = ker(3) = ker(«) = ker(@) = M'/F’,
Ext® (M, R) = coker(B) = coker(v') = WY /V/ (V).

In particular ExtE(M ,R) = 0 if and only if v/ identifies V' = WV or, equivalently, if v
identifies V' = WV. The particular claim now follows with Corollary 2.15. U

2.4. Projective dimension and residual depth. Assume that R is Gorenstein. Then
every finitely generated R-module M has finite Gorenstein dimension G-dim(M) < oo
(see | , Thm. 17]). Recall that if M has finite projective dimension pdim(M) < oo,
then G-dim(M) = pdim(M) (see | , Cor. 21]). Consider an [-free approxima-
tion (2.4) of an R-module M. In the following we relate the case of minimal Gorenstein
dimension of M to Cohen—Macaulayness of V', proving our main result.

Lemma 2.22. Assume that R is Gorenstein and consider an I-free approzimation (2.4)
with W # 0. Then W is a mazimal Cohen-Macaulay R-module if and only if G-dim(M) <
k. In this case G-dim(M) < k — 1 if and only if Ext%, (M, R) = 0. If R is Gorenstein,
then G-dim(M) > k — 1 unless @ in diagram (2.9) is injective.

Proof. By hypothesis M # 0 is finitely generated over the Gorenstein ring R. It follows
that (see | , Thm. 17, Lem. 23.(c)])

(2.19) G-dim(M) = max {i € N | Exti(M, R) # 0} < oo.

The Auslander—Bridger Formula (see | , Thm. 29|) then states that

(2.20) depth(M) = depth(R) — G-dim(M) = dim(R) — G-dim(M) = n — G-dim(M).
By the Depth Lemma (see | , Prop. 1.2.9]) applied to the short exact sequence (2.1)

n—k+ 1 =depth(R) 4+ 1 > min {depth(R),depth(/) — 1} + 1 = depth([/)
> min {depth(R),depth(R) + 1} =n —k+1
and hence
(2.21) depth(/F) = depth({) =n —k + 1.

(=) Using (2.21) and (2.20) the Depth Lemma applied to the short exact sequence
(2.4) gives

G-dim(M) = n — depth(M) < n — min{depth(I/F),depth(W)} <n — (n — k) = k.

(<) Using (2.20) and (2.21) the Depth Lemma applied to the short exact se-
quence (2.4) gives

n —k = dim(R) > dim(W) > depth(WW) > min {depth(M),depth(/F) — 1} > n — k.

By (2.19) this latter inequality becomes G-dim(M) < k—1 if and only if Ext} (M, R) =
0 (see | , Lem. 23.(c)]).

If R is Gorenstein and @ is not injective, then Ext% (M, R) # 0 by Corollary 2.21 and
hence G-dim(M) > k — 1 by (2.19). O

We can now conclude the proof of our main result.

Proof of Theorem 1.2. Since M is I-reflexive, W = V' by Proposition 2.13.
14



(=) Suppose that V' is maximal Cohen-Macaulay. Then also W' is maximal Cohen—
Macaulay and V' is (wg-)reflexive (see | , Prop. 3.3.3.(b).(ii), Thm. 3.3.10.(d).(iii)]).
By Corollary 2.21 Ext% (M, R) = 0 and by Lemma 2.22 G-dim(M) =k — 1.

(<) Suppose that G-dim(M) < k — 1. By Lemma 2.22 W is maximal Cohen—
Macaulay and Ext*(M, R) = 0. By Corollary 2.21 V = WV is (@g-)reflexive and maximal
Cohen-Macaulay (see | , Prop. 3.3.3.(b).(i1)]).

The last claim is due to Lemma 2.22. O

2.5. Restricted /-free approximation. In this subsection we describe a construction
that reduces the support of an I-free approximation (2.4) and preserves I-reflexivity of
M under suitable hypotheses. In §3.2 this will be related to the definition of multi-
logarithmic differential forms and residues along Cohen—Macaulay spaces (see | ,
§10] and | , Ch. 4]).

Fix an ideal J < R with I C J and set S := R and T := R/.J. By hypothesis S is
Cohen—Macaulay and hence (see | , Prop.1.2.13])

(2.22) Ass(S) = Min Spec(S).
Lemma 2.23. There is an inclusion
Suppg(T’) N Ass(S) C Assg(T).

In particular, equality in Homg(N,S) for any T-module N, or in Homg(N,T) for any
S-module N, can be checked at Assg(T).

Proof. The inclusion follows from (2.22) and Min Suppg(7') € Assg(7). For any T-
module N (see | , Exe. 1.2.27|)

Assg(Homg (N, S)) = Suppg(N) N Ass(S) € Suppg(7) N Ass(S) C Assg(T)
and the first particular claim follows, the second holds for a similar reason. U
Definition 2.24. For any S-module N we consider the submodule supported on V(.J)
Nr := Homg(T, N) = Anny(J) C N.
For an [-free approximation (2.4) its J-restriction is the I-free approximation

T

(2.23) 0 IF — M, Wr 0

defined as its image under the map Extp(W, [F) — Extp(Wr, I F).

In explicit terms it is the source of a morphism of I-free approximations

(2.24) 0 IF—sM-—"Lsw 0
0 IF L M, 22 Wiy 0.

The right square is obtained as the pull-back of p and W < W, whose universal property
applied to ¢ and 0: I[F — Wy gives the left square. The analogue of x in (2.5) for the
J-restriction (2.23) is the composition

(225) RJ:MJ:IF:]\/[JQML}F.
15



By Lemma 2.2 and the Snake Lemma, applying —T to0 (2.24) yields (see Definition 2.8)

«

(2.26) 0 FV 0
| ] f
0e— VT & pv X 0
where the bottom row
(2.27) 0e— VT2 vty g
is the I-dual (2.11) of the J-restriction (2.23). In diagram (2.26), we denote
(2.28) U = ker(V — V7).

The J-restriction behaves well under the following hypothesis on 7T'.

S, ifp € Assg(T),
2.29 T,=1:"
(2.29) n {o if p e Ass(S) \ Assg(T).

This is due to the following

Remark 2.25. Our constructions commute with localization. As special cases of the J-
restriction and its I-dual we record

(¢, p) ifT =S8, J T (A, «) it T =5,
pu— A pu—
(t: 1) {(idIF, 0 itT=0, )T \idm,0) €T =0.

Localizing (2.24) and (2.26) at the image of p € Ass(S) under the map Spec(S) —
Spec(R) yields these special cases under hypothesis (2.29).

In the setup of our applications in §3 condition (2.29) holds true due to the following

Lemma 2.26. If S is reduced and T is unmized with dim(T) = dim(S), then condi-
tion (2.29) holds and Assg(T) C Ass(S).

Proof. By hypothesis on T and (2.22)
(2.30) Assg(T) = Min Suppg(7) € Min Spec(S) = Ass(95).

By hypothesis on S, for any p € Ass(S), S, is a field with factor ring 7},. If p € Assg(T),
then T}, # 0 and hence T, = S,. Otherwise, p & Suppg(7') by (2.30) and hence T, = 0. O

Lemma 2.27. Assume that R is Gorenstein and consider the J-restriction (2.23) of an
I-free approximation. If T satisfies condition (2.29), then for U as defined in (2.28)

al(U)={peF'|por(M)C Jur}.
In particular, JV C U.
Proof. Let ¢ € FY and denote by @, the map @ in diagram (2.6) for the J-restriction (2.23).

Consider the map 1 defined by the commutative diagram

(231) W—»T@RwR

IO

WT—>S®RWR

By Lemma 2.23 and since wr = R both @, = 0 and ¢ = 0 can be checked at Assg(7).

There the vertical maps in diagram (2.31) induce the identity by condition (2.29) and
16



Remark 2.25. With diagram (2.26), Lemma 2.9 applied to (2.23) and diagram (2.6) it
follows that

alp) €U <= a'(p) =0 <= Pp =0 <= =0 < pokr(M)C Jws.
This proves the equality and the inclusion follows with JV = Ja(FY) = a(JEFY). O

Proposition 2.28. Assume that R is Gorenstein and consider the J-restriction (2.23)
of an I-free approzimation. If T satisfies condition (2.29), then with M also My is
I-reflexive.

Proof. By Lemma 2.27 there is a short exact sequence

(2.32) 0—=U/JV =V/JV =VT 0.
By condition (2.29) and Remark 2.25
7S, — 0 ?f p € Assg(T), (V = VT, = idy, ?f p € Assg(T),
Sy if p € Ass(S) \ Assg(T), 0 if p € Ass(S) \ Assg(T),

and hence
Vp € Ass(S): (JV), =JSV, =U, = (U/JV), =0
— dim(U/JV) < dim(S) = depth(wg).
Then (U/JV)Y = 0 by Ischebeck’s Lemma (see | , Satz 1.9]). Using sequence (2.32)
and Hom-tensor adjunction it follows that
(VO =(V/IV)' = (T es V)" = (V')r.

Denote by v the map v from Lemma 2.9 applied to the J-restriction (2.23). We obtain
a diagram

(l/voéwwa )T —

(2.33) Wy (V)r

Swpw )Y _
WT W, R(WT)V\/ ( T) (VT)\/
By Lemma 2.23 and since wr = S, its commutativity can be checked at Assg(7). By
condition (2.29) and Remark 2.25 top and bottom horizontal maps in diagram (2.33)
identify at Assg(7"). Diagram (2.33) thus commutes and Proposition 2.13 yields the
claim. U

The Cohen-Macaulay property is invariant under restriction of scalars S — 71" and by

Hom-tensor adjunction Homg(—, ws) = Homy(—,wr) on T-modules where (see | :
Thm. 3.3.7.(b)])

(2.34) wr = Homg (7T, ws).
Combining Theorem 1.2 and Proposition 2.28 yields the following (see diagram (2.26))

Corollary 2.29. In addition to the hypotheses of Theorem 1.2, let J < R with J C
I be such that T = R/J satisfies condition (2.29) and Wp # 0. Consider the J-
restriction (2.23) with I-dual (2.27). Then Wy = Homz (VT wy) and VT is a maz-
imal Cohen—Macaulay T-module if and only if G-dim(M;) < k — 1. In this latter
case VT = Homy(Wr,wr) is wr-reflezive. Unless T ® o (and hence @) is injective

G-dim(M;) > k — 1. O

Finally we mention a construction analogous to Definition 2.24 not used in the sequel.
17



Remark 2.30. Assume that J satisfies the hypotheses on I and consider an /-free approx-
imation (2.4) where W is already a T-module. Then Wy = W and M; = M and the
image of (2.4) under the map Exty(W,IF) — Exty(W, JF) is a J-free approximation
that fits into a commutative diagram with cartesian left square

0 JF M —— W ——0

0 IF M w 0
where M7 /M; = JF/IF. In particular, M7 = M; if and only if I = J.

3. APPLICATION TO LOGARITHMIC FORMS

In this section results from §2 are used to give a more conceptual approach to and to
generalize a duality of multi-logarithmic forms found by Pol | | as a generalization
of result by Granger and the first author | |-

Let Y be a germ of a smooth complex analytic space of dimension n. Then Y 2 (C",0)
and Oy = C{z1,...,x,} by a choice of coordinates z1,...,x, on Y. We denote by

2_:=Q(0)

the total ring of fractions of &_. In this section we set —* := Homg, (—, Oy ).
Let €25 denote the De Rham algebra on Y, that is,

ﬁY—>Q%/W f'_>df7

is the universally finite C-linear derivation of Oy (see | , §2] and | , §11]) and
Qy = Ay, Q for all ¢ > 0. In terms of coordinates (5 = @), Oydx; and hence

quz/q\ﬂlyg B ovde, A Aday,
Oy

11<<iq
is a free Oy-module. By definition the dual

0
83%

()" = Derc(0y) =: Oy = P Oy
=1

is the module of C-linear derivations on Oy, or of vector fields on Y. The module of
q-vector fields on Y is then the free Oy-module

q
* ~ 0 0
o1 = fov o1 = @ ovgneon

Notation 3.1. We set N := {1,...,n} and N2 := {j € N7 | j; <--- < j,}. For j € N4
and f = (f1,..., fe) € O} we abbreviate

N
al’l o &cjl ijq’

Zg::(jla'”?j;w"ajq)a di:dfl/\/\dfé
The perfect pairing

(3.1) 01 x QL — Oy, (6,w)— (,w),
18
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then satisfies
0
(3.2) D 0 ) = 05k = 0k Oy
j

3.1. Log forms along complete intersections. Let C' C Y be a reduced complete
intersection of codimension k > 1. Then O¢ = Oy /Ic where Zo = Iy is the ideal of
C CY. Let h=(hy,...,h;) € OF be any regular sequence such that Zo = (hy,. .., h).
Geometrically C = Dy N --- N Dy where D; :={h; =0} fori=1,... k.

Notation 3.2. We denote D := Dy U---U Dy = {h =0} where h := hy - hy,

1
—(D) = ®@>Y ﬁyﬁ, —(—D) = — ®@’Y ﬁyh7
Eop
¥ =Yy =To(D) =Y — 0y C Dy, — = Homg, (—, %).

i=1

Note that X = Oy in case k = 1.

The following definition due to Aleksandrov (see | , §3] and | , Def. 3.1.4])
generalizes Saito’s logarithmic differential forms (see | |) from the hypersurface to

the complete intersection case.

Definition 3.3. The module of multi-logarithmic differential q-forms on'Y along C' is
defined by

QlogC) = QY (log C) :={w € QL | dZc Aw C IOy N (D)
={we QD) |Vi=1,...,k: dh; Nw € £QF}
where the equality is due to the Leibniz rule. Observe that
Y1 C Q(log C) C Py ®g, O
with Q7(log C')(—D) C 2y ®g, O} independent of D (see | , Prop. 3.1.10]).

Extending Saito’s theory (see | , §1-2]) Aleksandrov (see | , §3-4,6]) gives an
explicit description of multi-logarithmic differential forms and defines a multi-logarithmic
residue map. We summarize his results.

Proposition 3.4. An element w € QL(D) lies in Q%(logC) if and only if there exist
g € Oy inducing a non zero-divisor in Oc, € € QU and n € LQL such that

dh
gw:T/\ern.

This representation defines a multi-logarithmic residue map

rest: Q1(log O) = Do Qg QL wis 2,

£
g

that fits into a short exact multi-logarithmic residue sequence

(3.3) 0—— 30! —— Q4(log C) e ek 0
where wy, is the module of regular meromorphic p-forms on C. O
Corollary 3.5. For q < k, Q%(logC) = Q. and Q"(log C) = Q3. (D). O
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Remark 3.6. The multi-logarithmic residue map can be written in terms of residue sym-

bols as res¢ (w) = h}(;u (see | , §1.2]"). In particular resf, (%) = [dhh} € wk is the
fundamental form of C' (see | , §5]).
Higher logarithmic derivation modules play a prominent role in arrangement theory

(see for instance | |). Here we extend the definitions of Granger and the first
author (see | , §5]) and by Pol (see | , Def. 3.2.1]) as follows.

Definition 3.7. We define the module of multi-logarithmic g-vector fields on'Y along C
by

Der?(—log C) = Der},(—log C) := {5 € 6y

<5, NdTo N qu‘k> C IC}

:{5693/

(6,dnn Q™) € To )
where the equality is due to the Leibniz rule. Observe that
Z-0% C Der?(—logC).
Lemma 3.8. We can identify the functors on Oy-modules (see Notation 2.1)
= (=D, (S@p —)P=—",
and hence —** = —Zclc,
Proof. Since Oy (D) is invertible and by Hom-tensor adjunction
% — Homy, (~, Z(D)) = Homg, (—, Homg, (6y (~D), Ic)) = —(~ D)

By Lemma 2.3 in case k > 2, Oy = Igc = ¥ and again by Hom-tensor adjunction

(¥ ®g, —)* = Homg, (X ®g, —, %) = Homg, (—, %) = —*. O
Lemma 3.9. Any elements § € Der?(—logC') and w € Q(log C) pair to (§,w) € .
Proof. Let g, £ and n be as in Proposition 3.4. Then by definition

g{0, hw) = (0, hgw) = (6,dh N &+ hn) = (6,dh N &) + h{(d,n) € Tc.

Since g induces a non zero-divisor in 0¢ = Oy /Zs this implies that (0, hw) € Z¢ and
hence (6,w) € :+Zc = %. O

The following proofs for ¢ > k > 1 proceed along the lines of Saito’s base case g = k = 1
(see | , (1.6)]) or Pol’s generalization to ¢ = k > 1 (see | , Prop. 3.2.13]).

Lemma 3.10. If w € Q}.(D) with (Der!(—log C),w) C X, then w € Q4(log C).
Proof. For every £ € {1,...,k} and j € N consider

q+1
ot = 2:(—1)”1%i € 0.

J Ox.
o= Oz, Ox;j.

For every i € N1k

h. .
dh A da; =y Oz

8sck -
keNZ -

IThis remark was made in the first author’s talk “Normal crossings in codimension one” at the 2012
Oberwolfach conference “Singularities” (see | D-
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where 8(8@7’::1) is the ¢ x g-minor of the Jacobian matrix of (h,

and hence using (3.2)

q+1
L Ohy = Ohyzy) ] O
l N\ = E _1)\i+1 14 z : Tty Lyg

=1 ¢ EEN<

x;) with column indices k,

g+l

_ Z H—l ahf (h’ xz) a(hg,h, x;)

Ox;, Ox;. N Oz

=1

It follows that ¢f € Der?(—logC') forall £ =1,...,k and j € NI
Now let w =3} cya “dxy, € Q% (D) where ai € Oy. Forall { =1,...,k and j € NZ™

g+1

on, w/ 0 q+1 i1 Ohy a]
() =L g 5 Pty S0

=1

by (3.2) and hence

n ah q+1 8h
l Z
dhe Ao =3 —axjdmj/\ Z 2L gy, = > Z wj, Adj.

J=1 keNZ jENTH i=1
g+l
h
Z Z Hl 0 Oy & dxl = Z <5§,w>dxl.

JeNq-H =1 ZEN?_I
If (Der?(—logC),w) C X, then dhy A w € XQ for all ¢ = 1,...,k and hence w €
Q4(log C). O
Proposition 3.11. There are chains of Oy-submodules of Dy Q¢, QU and 2y R4, 0%
(3.4) Qf C20) CQi(log C) C QL(D) C £QL(D),
(3.5) Y07 D 0} D Der!(—logC) D I-07 2 O (—D)

that are Y-duals of each other.

Proof. Tensoring with 2y makes both chains collapse. The cokernels of all inclusions
are therefore torsion whereas Y is torsion free. Applying —> thus results in a chain of
Oy-modules again. In case of (3.4) this yields

(23)° 2 (207)* 2 0 (log C)* 2 Q5.(D)* 2 (2Q4.(D))*
and, with Lemma 3.8 and freeness of Q. and ©., the chain of &y-submodules of 2y ®g4,
O
Y0 2 0% 2 0 (logC)* D I0% 2 0% (-D).
For every § € Q9(log C)* and £ € QI°F, ‘2—@ A€ € Qi(log C) by Proposition 3.4, hence

(s, dh/\f}—h< dhh/\§> € hy =T

and § € Der?(—log C). With Lemma 3.9, it follows that Qf (log C')* = Der?(— log C).
By the same reasoning —* applied to (3.5) yields a chain of &y-modules
(£65)" € (6)" C Der’(~log C)” C (26%)(~D)* C ©(~D)*
that can be rewritten as the chain of Jy-submodules of 2y ®g, Qf

Q% C %QL C Der?(—1log C)* C QL(D) C 2Q%(D).
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The missing equality Der?(—log C')* = Q%(log C') follows from Lemmas 3.9 and 3.10. [

3.2. Log forms along Cohen—Macaulay spaces. Let X C Y be a reduced Cohen-
Macaulay germ of codimension & > 2. Then Ox = Oy /Ix where Ty := Ix,y denotes
the ideal X C Y. There is a reduced complete intersection C' C Y of codimension k such
that X C C and hence Zx 2O Z¢ (see | , Prop. 4.2.1]). Set X' := C'\ X such that
C = X U X'. The link with §2.5 is made by setting

S:=0c, T:=0%.
By Lemma 2.26 condition (2.29) holds and
(3.6) 2c= [ Oxax ] Oxw=2xx2x.
peAss o (Ox) peAsso. (Oxr)
This decomposition extends to differential forms as follows.
Lemma 3.12. We have 2xdZo = 2xdIx C 2x Qg, 3 and hence
Do Qo U = Zx oy Wy © 2xr R, Ui

Proof. By (3.6) we may localize at p € Assg.(Ox). We may further assume p = 1 since
exterior product commutes with extension of scalars. Let p +— ¢ under Spec(0y) —
Spec(Oy ). Then Zeq = Ix 4 by (3.6) and hence uZxy C Z¢ for some u € Oy \ q. By the
Leibniz rule udZx C dZ¢ + Zxdu and hence the first claim. Since Qf = Q3. /(OydZo +
ZcSYy) this yields Qp, = QY , and the second claim follows. O

The following fact is well-known (see | , (2.14)]); we only sketch a proof.

Lemma 3.13. The modules of reqular differential p-forms on X and C' are related by
Wk = Homg, (Ox,wp) C w.

Proof. Kersken explicitly describes (see | . (1.2)])

(3.7) Wh = { m ‘ £e W Ty CTON™, dIx NEC ICQI;“’“}

where [g] — 0 if and only if £ € ZoQU™™. In particular, w% C Homg, (Ox,w?) C w¥ and

equality in wf, can be checked at Ass(0¢). Lemma 3.12 yields the claim. O

The following modules of differential forms on Y due to Aleksandrov (see | :
Def. 10.1] and | , Def. 4.1.3]) are defined by the relations in (3.7).

Definition 3.14. The module of multi-logarithmic differential q-forms on Y along X
relative to C' is defined by

Q1(log X/C) = Q& (log X/C) = {w € O | Txw S Le,, dTx Aw C L H(D)
= {w e (D) | Ixyw C X0, dIx Aw C 2O}

Observe that
Y01 C Q%log X/C) C Qi(log C)
with Q7(log X/C)(—D) C 2y ®g, Qf independent of D (see | , Prop. 4.1.5]).
Lemma 3.15. There is an equality Q%(log X/C) = EQY :qiogcy Ix. In other words,
Q(log X/C)(—D) = Ix QY qap0gc) Ix-
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Proof. There are obvious inclusions
2O C Q(log X/C) € 3O qupogey Ix € Q(log C).
By Proposition 3.4 and Lemma 3.12
w € X0 tquogc) Ix = Ixresy(w) Crest(X0]) =0
— resh(w) € 2x R, OLF
— 0 = dZx Aresd(w) = rest™ (dTx A w)

— dIx Aw C XL

— w € V(log X/C). O

The idea of Remark 3.6 is used by Aleksandrov (see | , §10]) to define multi-

logarithmic residues along X as the restriction of those along C. The bottom sequence of

the diagram in the following Proposition 3.16 appears in his work (see | , Thm. 10.2|);

Pol proved exactness on the right (see | , Prop. 4.1.21]). An alternative argument is
suggested by §2.5. The following data

(3.8)
1
R:=0y, I:=1¢, J:=Ix, F:=QL M:=Q(logC)(—-D), p:= Eresg
give rise to an [-free approximation (2.4) with J-restriction (2.23). By Corollary 3.5

W =0if ¢ < k and (2.4) is trivial for ¢ = n. We are therefore concerned with the case
k < ¢ <n. By Lemmas 3.13 and 3.15 (see Definition 2.24 and (2.25))

(3.9) Wr=wl"  M;=Q%log X/C)(-D).
Now twisting diagram (2.24) by D yields the following result.

Proposition 3.16. Applying Extgy (WL — wqc_k, YO to the multi-logarithmic residue
sequence (3.3) yields a commutative diagram with exact rows and cartesian right square

(3.10) 0 $0% Qi(log C) —Zs W& —— 0
0— %0 — 0l JX 0) NS ik g
Y (log X/C) —wy " —
where WY is the module of regular meromorphic p-forms on X. U

3.3. Higher log vector fields and Jacobian modules. Pol gives a description of

res’ s preserving the analogy with the definition of res¢, in Proposition 3.4 (see | :

§4.2.1]). As suggested by Remark 3.6 the role of 2 € Q*(log C) is played by a preimage

ax ¢ O*(log X/C) of the fundamental form {a}f] € w% of X (see | , §5]).

Definition 3.17. Let 1x := (1,0) € Zx X Zx = Z¢ (see Lemma 3.12). A fundamental
form of X inY is an ax = ax/c/y € Qf such that ax = 1xdh € 2¢ Qg Q.

Such a fundamental form exists and the explicit description of multi-logarithmic dif-
ferential forms in Proposition 3.4 generalizes verbatim (see | , Prop. 4.2.6]).

Proposition 3.18. An element w € Q.(D) lies in Q(log X/C') if and only if there exist
g € Oy inducing a non zero-divisor in O¢, £ € Q‘{fk and n € Q% such that
ax
gw=—=NE+n

h
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and the map res’ . in (3.10) is defined by res% . (w) = g. O

In the same spirit we extend Definition 3.7. We start with the first option as definition.

Definition 3.19. We define the module of multi-logarithmic q-vector fields on Y along
X by

Der?(—log X) = Der{.(— log X) := {5 SEC

<5, ATy A Qg;’“> C IX}.
The following result completes the analogy with Definition 3.7. In particular Der®(—log X)
is Pol’s module Der”(—log X/C) (see | , Def. 4.2.8]) which is thus independent of C.
Lemma 3.20. We have
Der?(—logC) C {5 € 6y

<(5, ax A Q‘{,_k> C IX} = Der?(—log X)
<5, ax A qu"“> C IC}.

Proof. By Definition 3.17 ax = 1xdh = dh € 2x Re, Q. For § € ©F and € € Q?fk
(0,ax NE) €Iy < 0= (6, ax A&) = (8, ax NE) =(8,dh ANE) = (6,dh N ) € 2x

where 6 € 9y Rg, O and E € Px Qg ngk. The claimed inclusion follows. Using the
Leibniz rule and that 2xdZc = 2xdZx C 2x Rg, Q3 by Lemma 3.12
0={0,dhN&) € 2x < 0= (6, \"dIc NE) = (6, \"dIx NE) = (6, \FdIx NE) C D

This proves the first equality. With Zo = Zx N Zxs the second equality follows from
ax € Ix/QF (see | , Prop. 4.2.5]). O

:{5e@qy

Using Proposition 3.18 and Lemma 3.20 we obtain the following analogue of Lemma 3.9
and of the equality Der?(—log C') = Q%(log C')* from Proposition 3.11.

Lemma 3.21. For ¢ € Der?(—log X) and w € Q?(log X/C) we have (§,w) € 3. O
Lemma 3.22. There is an equality Der?(—log X) = Q4(log X /C)*. O

The following proposition extends Proposition 3.11 and includes the counterpart of
Lemma 3.10.

Proposition 3.23. There are chains of Oy-submodules of Dy Qg, QU and 2y R4, 0%
Qf €30 CQi(log X/C) C Qlog C') C QL (D) C 2Q%(D),
Y07 D 0 D Der!(—log X) D Der!(—log C) 2 Zco0y D ©%(—D)
that are Y-duals of each other.

Proof. By Lemma 3.8 and Proposition 3.11 M in (3.8) is I-reflexive. By Proposition 2.28
and (3.9) Q4(log X/C)(—D) is therefore Zo-reflexive and, again by Lemma 3.8, Q9(log X/C)
Y-reflexive. The claim follows with Proposition 3.11 and Lemmas 3.20 and 3.22. U

Definition 3.24. Contraction with ay defines a map
aX: 0% = Ox ®p, OL" = Homy, (0", 0x), 6 (W (0,ax Aw)).
Taking p + g = n we define the pth Jacobian module of X as the Ox-module

7= a¥(0)).
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The Jacobian module J¢™ ¥ agrees with Pol’s Jacobian ideal Jx /¢ (see | , Not. 4.2.14])
which coincides with the w-Jacobian ideal if X is Gorenstein (see | , Prop. 4.2.34]).

Remark 3.25. In explicit terms
o 0% — EB Oxdz;, 0§+ Z (0, ax A dx;)dz;.
ieNTk ieN1Fk
In case X = C, ac = dh and
d(h, x;
(6,dh A dr)) = Y (5’ %) <5, dxi>.

_— Ti
JENZ

In particular, J&™¢ is the Jacobian ideal of C.

Lemma 3.26. If k < g < n, then w;’(_k # 0 and, unless g =n, Ox @ o is not injective.
Proof. This can be checked at smooth points of X = C' where h = (z1,...,2;) and ax =
dh. Here w§ " = Q4" #£0and 0 # 52 € ker(Ox @ ) if {1,...,k} € {j1,- -, Jo}. O

By Lemma 3.20 there is a short exact sequence (see | , Prop. 4.2.16] for ¢ = k)

(3.11) 0 T2+ 0% « Der?(—log X) «— 0.
Lemma 3.27. There is a pairing
T 0wt < Homg, (O, 0c)(D) = wy, (aX(a), res’. /C(w)> s (5, w).

Proof. By Lemma 3.21 the pairing (D) x ©). — Oy (D) obtained from (3.1) maps both
0 (log X/C') x Der{.(—log X) and XQ{ ® ©{ to X. Using the bottom row of (3.10) and
(3.11) this yields a pairing Jg ¢ @ w&" — Oy(D)/% = Ou(D) = we. Both J¢ ¢ and

wi ¥ are supported on X and applying Homg,, (O, —) yields the claim (see (2.34)). O

We can now prove our main application.

Proof of the Theorem 1.3. By Lemmas 3.8 and 3.22 sequence (3.11) in terms of (3.8) is
the I-dual J restriction (2.27) twisted by D, that is, VT = Jy ¢ and o’ = o up to a
twist by D. With (3.9) and Lemma 3.26 the claim now reduces to Corollary 2.29. The
identifications are induced by the pairing in Lemma 3.27. U

Proposition 3.28. The Ox-modules Jy ¢ depend only on X.

Proof. We identify Jy ? = 0%/ Der.(— log X) by the exact sequence (3.11). Any isomor-
phism Y’ 2 Y of minimal embeddings of X induces an isomorphism ¢: Oy = Oy over
Ox identifying Zx/y = Zx/ys. There are induced compatible isomorphisms 07 = 67,
and Q) = QF, over ¢ resulting in an isomorphism over ¢

Der{.(—log X') = Der{., (—log X).

Any general embedding X C Y’ arises from a minimal embedding X C Y up to
isomorphism of the latter as Y’ =Y x Z where Z = (C™,0) and hence

Ixyyr = Oy@my + Ix)y®0;.

Pick coordinates zi,...,z, on Z and abbreviate dz := dz; A --- A dz,, and % = 8%1 A

A %. Then there are decompositions

. ~ . 0 ~
QU™ = 0,000 Ndz® QU 0% = 0,801 A 5, @ Sl
z
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where the modules with tilde are generated by basis elements not involving dz and %
respectively. Fundamental forms of X in Y’ and Y can be chosen compatibly as

axcpy = axjopy Ndz € Q™

With Lemma 3.20 this yields inclusions

d  ~ . %,
Der{,(—log X) A = + U™ C Derdi™(—log X) D Ix/yO%™ D mzR0% A —

0z

and a cartesian square

07201 = QL™

] J

Der{.(—1log X) + mz&0% —— Der‘{j/m(— log X).

It gives rise to an isomorphism of &'y-modules

[Ale88]
[Ale12]
[Ale14]

[ATO1]

[ATO0S]
[ATWO7]
[BHO3|
[Del71]
[GMS11]
|GS12]
[GS14]

[HK71|

[Ker83)|
[Ker84]

[Kuns6]

0%/ Derdi™(—log X) = 0,201 /(Derl.(—log X) + mz&0%.)
=~ 07 / Derl (—log X). O
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