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Abstract

An algorithm to compute a good basis of the Brieskorn lattice of a cohomologically
tame polynomial is described. This algorithm is based on the results of C. Sabbah
and generalizes the algorithm by A. Douai for convenient Newton non—degenerate
polynomials.
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Introduction

Let f:C**'——(C with n > 1 be a cohomologically tame polynomial func-
tion [1]. This means that no modification of the topology of the fibres of f
comes from infinity. In particular, the set of critical points C(f) of f is finite.
Then the reduced cohomology of the fibre f~1(t) for t ¢ C(f) is concentrated
in dimension n and equals C* where g is the Milnor number of f. Moreover,
the n—th cohomology of the fibres of f forms a local system H" on C\ D(f)
where D(f) = f(C(f)) is the discriminant of f. Hence, there is a monodromy
action of the fundamental group II; (C\ D(f),t) on H}".

The Gauss—Manin system M of f is a regular holonomic module over the Weyl
algebra C[t](0;) with associated local system H" on C\D(f). The Fourier
transform G := M of M is the C[7](0;)-module defined by 7 := 9J; and
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0; = —t. The monodromy 7, of M around D(f) can be identified with the
inverse of the monodromy fo of G at 0. It turns out that 9, is invertible on
M and hence G is a C[r, §]-module where 6 := 7~!. A finite C[r]- resp. C[6]-
submodule L C G such that L[] = G resp. L[r] = G is called a C[7]- resp.
C[0]-1attice. The regularity of M at oo implies that G is singular at most in
{0, 00} and where 0 := {7 = 0} is regular and oo := {6 = 0} of type 1. In
particular, the V-filtration V, on G at 0 consists of C[r]-lattices.

The Brieskorn lattice Gy C G is a t—invariant C[f]-submodule of G such that
G = Gy[r]. C. Sabbah [1] proved that G is a free C[t|- and C[f]-module of
rank p. In particular, G is a free C[r, §]-module of rank x. By definition, the
spectrum of a C[f]-lattice L C G is the spectrum of the induced V-filtration
Ve(L/OL) and the spectrum of f is the spectrum of Gj.

C. Sabbah [1] showed that there is a natural mixed Hodge structure on the
moderate nearby cycles of G with Hodge filtration induced by Gy. This leads to
the existence of good bases of the Brieskorn lattice. For a basis ¢ = ¢1,...,¢,
of a t-invariant C[f]-lattice,

tog=po (A2 + 620y)

where A% € C[]***. A C[#]-basis ¢ of Gy is called good if A? = A% + GA?
where A%, A? e Crxm,
a1
AL =
R

and ¢; € V,,Gy for all i € [1, u]. One can read off the monodromy T, = fo_l
from A? immediately. The diagonal o = ay, ... , oy, is the spectrum of f and
determines with gr!” Ay the spectral pairs of f. The latter correspond to the
Hodge numbers of the above mixed Hodge structure.

Analogous results to those above were first obtained in a local situation where
f:(C",0)——(C,0) is a holomorphic function germ with an isolated critical
point [2-7]. In this situation, the role of the Fourier transform is played by
microlocalization and the algorithms in [8,9] compute Ay and A; for a good
C{{0}}-basis of the (local) Brieskorn lattice. But [9] and [8, 7.4-5] do not
apply to the global situation.

A. Douai [10] explained how to compute a good basis of Gy if f is convenient
and Newton non—degenerate using the equality of the V—and Newton filtration
[11,1] and a division algorithm with respect to the Newton filtration [12,13].

The intention of this article is to describe an explicit algorithm to compute
a good basis of Gy for an arbitrary cohomologically tame polynomial f. This



algorithm is based on the following idea:

Let 2 = @y, ..., x, be a coordinate system on C""!. Then the Brieskorn lattice
Gy can be identified with the quotient

Clz. 0]/ 3 (0.() - 09.) (€l )

of non—finite C[#]-modules. The degree with respect to z defines an increasing
filtration C|z, f]s by finite C[f]-modules on C[z, f] and hence

n

G’ = Cle. ol / (Cla. 0 1 Y (0,(£) — 60.,) (Cl. 8)) )

1=0

are finite C[]-modules. For k> 0 and [ > 0, G&' = Gy by the finiteness of
G. But, a priori, there is no bound for these indices.

By Grobner basis methods, one can compute cyclic generators ¢ of a t-

invariant C[f] sublattice Gg' C Gy. By an argument of A. Khovanskii and
A. Varchenko [11], G§' = Gy if and only if the mean values of the spectra
coincide. By the t—invariance of G'g’l, one can compute the spectrum of G’g’l
like that of Gy below. The mean value of the spectrum of GGy is known to be
”TH. So if the mean value of the spectrum of Glg’l is not ”T“ then one has to

increase k. This process terminates with Glg’l = Go.

Then one can compute A2 for the C[f]-basis ¢ of Gy. By a saturation process,
one can compute the V-iltration and, by a Grobner basis computation, the
spectrum of Gy and the Hodge filtration. Then one can compute a C[r, 0]—
basis of G which is compatible with the V-filtration refined by an opposite
Hodge filtration. In terms of this basis, one can compute a good basis of G
by a simultaneous normal form computation and basis transformation.

We denote rows vectors v by a lower bar and column vectors v by an upper
bar. In general, lower indices are column indices and upper indices are row
indices. We denote by {M} the set and by (M)R the R-linear span of the of
columns of a matrix M. We denote by lead the leading term and by lexp the
leading exponent with respect to a monomial ordering. We denote by E the
unit matrix and by e; the ¢th unit vector.

1 Gauss—Manin system

Let f:C"*!'——(C with n > 1 be a polynomial function. Let O be the sheaf
of regular functions and (£2°, d) the complex of polynomial differential forms on



C™*!. Then the Gauss-Manin System f,O of f is represented by the complex
of left C[t]{0;)—modules

Q" 3y], d — adf)

[5, 15] and has regular holonomic cohomology [14, VII.12.2]. The coefficients
of the differentials are the differentials of the complexes (£2°,d) and (Q2°,df).

Lemma 1 (Poincaré Lemma) The complex of C-vector spaces
0—C——(Q°*,d)——0
is exact [15, Ex. 16.15].

From now on, we assume that set of critical points C(f) of f is finite. Then
the following lemma holds.

Lemma 2 (De Rham Lemma)

(1) H*(Q*,df) =0 fork #n+1.
(2) dime H"™(Q°,df) < .

Proof. If C(f) is finite then
Clal/(@(f)) = QT /df AQ"H = H"H(Q%,df)

is a finite C-vector space and hence 9(f) is a regular sequence in C|z]. Then
the cohomology of the Koszul complex (2°,df) is concentrated in dimension
n+ 1 [15, Cor. 17.5].

The image My of Q"+ in M := H°(f,O) is the key for an algorithmic approach
to the Gauss—Manin system. It determines the differential structure of M and
it can be identified with a quotient of C|z].

Proposition 3

(1) H*(f+0) =0 for k ¢ {~n,0}.
(2) Oy is invertible on M.
(3) My = Q1 /df A dn,

Proof. This follows from Lemma 1 and 2 and [5, 15.2.2].



The Fourier transform M of M is the left €[r](0;)-module defined by the
isomorphism
T:=0, 0,:=—t

of C[7](9;) and CJt](d;) [16, 2.1]. By Proposition 3, M is a C[0](0y)—module
with
0:=71 0y:=—720-

and M is a C[#]-submodule. Note that ¢ = 620,.

Definition 4 Let G be the C[0](dy)-module M. Then the Brieskorn lattice G
of f is the C[0](t)-submodule My of G.

Since M is regular at oo, G is singular at most in {0, co} where 0 := {7 = 0}
is regular and oo := {# = 0} of type 1 [17, V.2.a].

From now on, we assume that f is cohomologically tame. By definition [1, 8],
this means that there is a compactification

Q1L Eart

N

C

where C*1 is quasi-projective and f is proper such that, for all ¢+ € C, the
support of the vanishing cycle complex ¢ , R j.Q is a finite subset of crtt,
In particular, C(f) is finite and hence, by Lemma 2, the Milnor number

p = dime H"H(Q°, df) = dimg(Q™/df A Q")
of f is finite. Then the following theorem holds.

Theorem 5 (C. Sabbah [1, 10.1-3]) Gy is a free C[t]- and C[f]-module
of rank p.

In particular, G is a free C|[r, §]-module of rank .

2 Brieskorn lattice

A finite C[7]- resp. C[f]-submodule L C G such that L[f] = G resp. L[] = G
is called a C|[7]-resp. C[f]-lattice. By Theorem 5, a lattice is free of rank . In
terms of a C[A]-basis of Gy, the C[#](0p)—module structure of G is determined
by the basis representation of ¢ on GGy. The following lemma shows that the
latter is determined by a matrix with coefficients in C[f)].



Definition 6 Let ¢ be a basis of a t—invariant C[0]-sublattice L C G. Then
the matriz A2 € Cl0]*** of t with respect to ¢ is defined by

DAL = t.
Lemma 7 Let ¢ be a basis of a t—invariant C[0]-sublattice L C G. Then

tog=g¢o (AL +0%0).

Proof. Since t = 620y,
2o(Xme") =Y one*
% %
S H(@p)0" + GpR0p0"
%
¢o

(s+00) (S 7)

and hence t o ¢ = ¢ o (A2 + 629y).
The following lemma gives a presentation of the C[f](t)-module G,. This

presentation shall be used to compute ¢ on Gy.

Lemma 8 There is an isomorphism of C[0](t)-modules

Go = Q"7H[0]/(df — 6d)(Q"[6)).

Proof. By Theorem 5,

G = Q"7 0)/(df — 6d)(Q"[r,0)]).
By definition, Gy is the image of Q"*1[f] in G and hence

Go =" [0] /((df — 0d)(Q"[r, 0]) n Q" +'[6]).
By Lemma 2, dker(df) C df AdQ"! C ker(df) and hence
(df = 6d)(Q"[7,6]) N Q"1[0] = (df — 0d)(Q"[0)).

Let £ = xg, ..., x, be coordinates on C"*! with corresponding partial deriva-
tives 0 = Oy, . . ., Oy, Let

t:=f+ 620 € Clz,0](0p).



Then, by Lemma 8, we can identify
G = Clz, 7,0)/(3(f) - 00)(Clz, 7,0]""")
as C|[r, 0](t)-modules and
Go = Clz,0]/((f) — 60)(Clz, 0]"*")

as C[0](t)-modules. These modules are quotients of non—finite C[#]-modules.
On the numerator and denominator, the degree with respect to z defines an
increasing filtration by finite C[f#]-modules. The following algorithm computes
t on Gy by an approximation process with respect to these filtrations.

Definition 9 The degree deg, with respect to x defines an increasing filtration

Clz, 0]e on C[z, 0] by finite C[0]-modules
Clz, 0]k := {p € Clz, 0] | deg,(p) < k}

such that tClz, 0]s C Clz, 0letaeg(r). We define the finite C[]-modules

I/ (((f) — 20)(Clz, 0]"+)

0n+1 N
L) N Cla, ).
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Algorithm 1

Input: (a) A cohomologically tame polynomial f € Clz].
(b) An integer k > 0.
Output: (a) A vector ¢ € Clz, 8" such that [¢] is a basis of a t—invariant C[0]-
lattice L, C Go and L, = Gqg for k> 0.

(b) The matriz A = Al € C[g)>#,

(1) Setl:=k.

(2) Setl:=1+1.

(3) Compute a reduced Grébner basis

g = GB((2(f) — 20)(x°%:) | (e, i) € N""' x [0,n], |a| <)

of (O(f) — 99) (C[L 9]}”1) with respect to a monomial ordering > on
{220° | (o, 1) € N"* x IN} such that

laf > [B] = a > B,
(a,i) > (B,)) ©a>pV(a=FNi>j)

for all (a,7), (B, j) € N™" x IN.
(4) Find the minimal ko with

ko < |a| <k = 2% € (lead(g))Cl[0].



(5) Compute ¢ € Clz, 0]}, such that [¢] are cyclic generators of
Gy = Cla, Ok /(g | deg, (9:) < ko)CI6] = Gt

and p = rk(GE) using [18, 2.6.3].
(6) If p > or~y > p=p then go to (2).
(7) If p < pu then set k =k + 1 and go to (2).
(8) If ko + deg(f) > k then set k :=k+ 1 and go to (2).
(9) If (@] is not a C-basis of Clz|/(O(f))Clz] then set k :=k + 1 and go to
(2)-
(10) Compute a normal form NF(to, g) of t¢ with respect to g.
(11) Compute the basis representation A € C[0]*** of [NF(t¢, g)] with respect
to the C[A]-basis [¢] of Ly = G
(12) Return ¢ and A.

Lemma 10 Algorithm 1 terminates and is correct.

Proof. Since 9(f) — 90 is C[f]-linear,

@(f) = 20)(Cla, 0]*) =
((@(f) — 09)(z°%) | (a,7) € N™* x [0,n], |a] < 1)C6)].

By definition of the monomial ordering,
Q(f) = 09)(Clz, 07 *") N Clz, O] = (g | deg,(g:) < k)C[0]

and hence, by definition of ky,

Gy = Clz, 0]/ (g: | deg,(g:) < k)C[d]
=~ Clz, O],/ {9: | deg,(g:) < ko)C[0] = G

Because of step (2), [ is strictly increasing for fixed k. There are C[f]-linear
maps

le Tk, ch—) GO
where ¢, is an isomorphism for & > 0 and 7, is an isomorphism for fixed
k and [ > 0. By Theorem 5, G is a free C[f]-module of rank at most s.

Hence, if condition (6) holds then 7% is not an isomorphism and if condition
(7) holds then (* is not an isomorphism.

By Theorem 5, there is a 1) € C[z, 0]" such that [¢/] is a C[f]-basis of Gj. In
particular, /¥ is an isomorphism for k& > degg(y) and hence

kel
ko kil R Gy



is an isomorphism and conditions (6) and (7) do not hold for £ > deg,(¢)) and

> 0. By Lemma 8, for each o € IN"*!, there is a matrix M2 € C[§]*** such
that
z® — M= € (9(f) — 00)(Clz, 0]").

If [a| > deg, () then 2% —y M= € ((f) — 20)(Clz, 0]}) N C[z, 0], and hence
2% € lead((9(f) — 90)(Clz, 0];")) = (lead(g)) C[f]

for I > 0. Hence, by definition of ko, ko < deg, () for k& > deg,(¢) and [ > 0
and, in particular, condition (8) does not hold for & > deg, (1) + deg(f) and
[ > 0. Since [¢)] is a C[f]-basis of Gy, [¢] is a C-basis of

Go/0Go = Clz]/(0(f))Clz]

and hence condition (9) does not hold for & > deg, (') and [ >> 0. This proves
that the algorithm terminates.

Since [¢] is a C-basis of Clz|/(d(f))Clz] = Go/0Gy, ¥ o ! is injective and
4] is a basis of the C[f]-lattice L, = G§' C Gy. Since ¢ € Cla, 0]y, and
ko + deg(f) < k, t¢ € C[z, 0], and hence, by definition of ky, NF(t¢,g) €
Clz, 0],- By Lemma 8,

tlg] = [tg] = [NF(to, g)] = [¢4] = [¢]A

and hence Ly is t-invariant and A = A%/, This proves that the algorithm is
correct.

A priori, we do not know a kg such that L, = Gq for all k£ > ky. We shall solve
this problem by a criterion on the spectrum with respect to the V-iltration.

3 V-iltration

Definition 11 The V-filtration V, on C[7](0.) is the increasing filtration by
VoC[7](0,) —modules

V_C[r](8,) = 75C[r](78,),
Vi1 C[7](0,) := ViC[r)(8,) + 0, Vi C[r](0,)

for all k > 0.

Proposition 12 There is a unique VoC[T](0;)—good filtration Vi on G by
C|7]-lattices such that 7O, + « is nilpotent on gr¥ G for all a.



Proof. Since G is regular at 0, this follows from [19, 2.3.2, 4.1, 5.1.5].

Definition 13 V,G is called the V-filtration on G.

The following criterion shall be used to compute the V-iltration on G.
Lemma 14 Let L C G be a 70, —invariant C[T|-lattice with
spec(—70, € End(L/7TL)) C [or,x — 1)

for some a. Then L =V,G.

Proof. Let spec(—70, € End(L/7L)) = {a} with
a>op > >, >a—1
Let ¢ : L/TL—— [ be a C[r|-basis of L and
Co,; = ¢lker((70; + ;)" € End(L/7L)))

for all 7 € [1,v]. Let
Ua;—p :=7" @ C,, ®TPTL
i=j
for all i € [1,v] and p € Z. Then U, is an increasing filtration on G by 70—
invariant C|r]-lattices. By construction, 70, + a; — p is nilpotent on grgﬁp G
and U,,—p, = TPU,, for all i € [1,v] and p € Z. Since

O Usy—p =770 +p— 1) P Co, ® 7°(70; + p)L
i=j

v 7j—1
c N0 +p—1) @ Co, ® (170, + p) @ Coy + Usy—p;

i=j i=1

v 7—1
Uaj—pr1 = Pt @ Co, @7 @ C,, ®TFTL
i—j i=1
v 7j—1
c P! @ Co, ® TP @ Co; + Ua,—p,
i=j i=1

0:-Us,—p + Usj—p = Ua;—p41 for p > a; + 1 and hence U, is V,C[7](0,)-good.
Then, by Proposition 12, U,G = V,G and hence L = V,G.

The following algorithm computes the V-filtration using the criterion in Lemma
14. For a given C[f]-lattice with C[f]-basis ¢, L := (¢)C|7] is a C[r]-lattice
with C[r]-basis ¢ and —70,¢ = ¢B where B = 7A2 € C|r,0]"**. By a sat-
uration process of L with respect to 79,, L is replaced by a 70, invariant

10



Clr]-1attice and ¢ is modified such that B € C[r]**#. Then a sequence of
basis transformations modifies ¢ such that spec(By) C [a, v — 1) for some a.

Algorithm 2

Input: The matriz A = A2 € C[0]™* for a basis ¢ of a t—invariant C[0]-lattice
LcaG.
Output: (a) A matriz U € C[O)*** such that ¢U is a C[r]-basis of V,, for some
a.
(b) A matriz B =Y ;50 Bit" € C[1]"** such that —70.(¢U) = ¢UB and
spec(By) = {a} witha > a; > -+ > o, >a — 1.
(1) (a) Set k:=0 and Uy := E € C***,
(b) Until {(TA —710;)(Ux)} C (Ux)C[7] do:
(i) Setk:=k+1.
(i) Compute Uy € C[O]*** with deg(Uy) < k(deg(A) — 1) such that

(Uk1)Clr] = (U)Clr] + (A = 70;)(Uy))C[7].
(¢) Set U = Uj.
(2) (a) Set B =350 Bim' :=UY1A—70.)(U) € C[r]*H.
(b) Compute {a} := spec(By) and j € [1,v] such that

Oél>"'>Oéj>Oél—120éj+1>"’>061,.

(c) If j = v then return U and B.
(d) Compute Uy € GL,(C) such that

Bl,l Bl,?
Uy 'BU, =
B2’1 B2,2
where

spec(By') = {au, ..., ;)

SpeC(BOZQ) = {aj+17 s 7a1/}7

By? =0, and By = 0.
e) SetU= U, U, ) :=UUy and
(e) 1 Us

Bl,l Bl,?
B = = Uy ' BU.
B2,1 32’2

11



(f) Set U := <U1 71U2> and

Bl’l Tlel,Z
B = .

7B B22 4 |
(9) Set oy :=a; +1 fori=j5+1,...,v.
(h) Reorder a and redefine j € [1,v] such that

Oél>"'>Oéj>Oél—120éj+1>"’>061,.
(1) Go to (2¢c).
Remark 15

(2) If
(Bl’l B1,2)
B =
0 B*?

with spec(By") = {1, ..., a;} and spec(By?) = {ajy1, ..., a,} then one

can choose
E Uy*?
Uy = )
0 F

Lemma 16 Algorithm 2 terminates and is correct.

Proof.
(1) By Lemma 7,

(@Uk11)Cl7] (9o (1A —70;)(U))Cl7]

= (@Ux)C[7] + (¢
= (pUi)C[7] + (0 (A+ 620y (Uy))C|7]
= (¢Uy,

(0Uk)Cl7] + 70-{¢Us)C[7]

and hence {(¢pUy)C[7]}r>0 is an increasing sequence of finite C[7]-modules.
Since (¢Uy)C|1] = C|[7]*, one can choose U, € C[f]***. The V-iltration
on G consists of finite and hence Noetherian 70,—invariant C[r]-modules.
For some «, {¢} C V,G and hence (¢pUy,)C[7] C V,, for all £ > 0. This im-
plies that the sequence {(Uy)C|[7]}r>0 is stationary. Then (pU)C[7| C G
is a 70,—invariant C[7]-lattice.

(2) By Lemma 7, =70, 0¢ =1to ¢ = ¢ o (TA — 70;) and hence

—70; 09U = ¢U o (B — 70;).

12



The 70,-invariance of the C[r|-lattice (¢U)C|[r] is preserved since
E
(Ul T_1U2> - (Ul U2> )
T7E

Bl,l 7.—131,2 E Bl,l Bl’2 E
’ - - TaT) )
B! B22 L F TE ( B> B?2 T IE
and BY?77! € C[r)*#=9). The index j is strictly increasing since

BY' — E r71By?
spec(By) = spec

0 By
={o,...,a5, 0511+ 1, 0, + 1}
and hence the algorithm terminates. Then L := (¢U)C[r] C G is a 70,

invariant C[r]-lattice with spec(—70, € End(L/TL)) C [a,a — 1) for
« = oy. Hence, by Lemma 14, L = V,, and ¢U is a C[7|-basis of V,G.

4 Spectrum

The spectrum with respect to the V-iltration shall be used to check equality
of C[f]-lattices.

Definition 17

(1) The spectrum spec(F,): Q——IN of an increasing filtration Fy on a
finite vector space V' is defined by

spec(F,)(a) := dim(gr’* V)

for all o € Q. The spectrum spec(F,) of a decreasing filtration F* on V
is defined analogously.
(2) The spectrum of a C[0]-lattice L C G is defined by

spec(L) := spec(V4(L/6L)).
(8) The spectrum of f is defined by
spec(f) = spec(Gp).
The following algorithm computes the spectrum of a t—invariant C[f]-lattice

by computing a Groébner basis compatible with the V-filtration.

13



Algorithm 3
Input: (a) A matric B = Y ;50 Bit" € C[r]"* such that —10,¢ = ¢B for a
Clr]-basis ¢ of V, and spec(By) = {a} with o > ay > -+ > o, >
oa—1.
(b) A matriz M € C[r,0]*** such that ¢M is a basis of a t—invariant
C[0]-lattice L C G.
Output: The spectrum o = spec(L) € QY.
(1) Compute Uy € GL,(C) such that

By
Uy ' BoUy =
By

where By € CH*#i with spec(Bj) = {a;} fori € [1,v].
(2) Set ¢ = (¢")ie1,) = ¢Uo and M := Uy ' M.

(3) Compute a minimal Grébner basis
M := GB(M) € C[g|***
compatible with the ordering > on {0%¢" | (k,i) € Z x [1,v]} defined by
(ki) > (I,j) = k>IV(k=1LNi>])

for all (k,7),(l,j) € Z x [1,v].
(4) Return o € QN with

o(k+ ;) := #({1€ad(M)}(k,i)>
for all (k,i) € Z x [1,V].

Lemma 18 Algorithm 3 terminates and is correct.

Proof. Since —70,¢ = ¢B,

—70,(8'¢") = 01¢/ (B +q) mod @ (#*¢')C

(ki)<(j)

with spec(B} + 1) = {a; + }. Then, by Lemma 14,

Vaj+lG = @ 9k<QZ>C

(4,k)<(4,0)

14



and hence, since M is a minimal Grébner basis,

spec(L)(a; + 1) = dimg gry,,(L/OL)
= dimg ((grv L/0gr¥ L)aj+z)
= dime ((lead (M))C[6] /0{lead(M))C[0]) ) )
= dime(((lead(M))C) )
= #({lead (M)} )

for all (1,j) € Z x [1,v].

The following lemma reduces the problem of equality of C[f]-lattices to the
problem of equality of filtrations on a finite vector space.

Definition 19 A C[0]-lattice L C G defines an increasing filtration Lo on
G by Cl0]-lattices L, := T™PL and a corresponding decreasing filtration L® :=
L,_.. We denote the filtrations defined by Go by G4 and G*.

Lemma 20 Let L C G be a C[f]-lattice. Then
gry P ary G%% gro, et G =grl, (L/6L)

is an isomorphism for all o« € Q and p € Z.

Proof. This follows from 0°V,G = V,,,G and L"? = 7PL for all « € Q and
p EZ.

Definition 21 The sum Y : NQ——Q is defined by

Y o= ao(a)

acQ

for all o € N@.

The following lemma gives a criterion on the mean value of the spectrum to
check equality of filtrations on a finite vector space.

Lemma 22 Let F} and F3 be decreasing filtrations on a finite vector space
V with F3 C Fy. Then Y spec(Fy) < Y spec(Fy) and equality implies that
Fy = F?.

Proof. This is an elementary fact from linear algebra.
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The following criterion on the mean value of the spectrum shall be used to
check equality of C[f]-lattices.

Lemma 23 Let Ly C Ly C G be C[0]-lattices. Then>_ spec(Ly) < > spec(Ls)
and equality implies that L1 = Ls.

Proof. Since Ly C L,
LS gr%vl) GcCL gr%jl) G
where grjg ) G = @g<a<i g1y, G and hence, by Lemma 22,
L® \4 G) < L® %4 G
Z speci Ly 8Tp 1) > Z spec{ Ly &lp1) & )-

By Lemma 20, spec(L;)(a + p) = SpeC(L; gr’ G)(n — p) and hence

> spec(Ly) = > > (a+n—p) SpeC(LZ gre G) (p)

0<a<l1 peZ
= np + Z adimg (grg G) — Z spec (LZ' ary G)
0<a<l
= np + Z adimg (grg G) — Z spec (L; gr%’l) G)
0<ax<1

for ¢ = 1,2. This implies that
> spec(Ls) — Y spec(L;) = > spec (LI grfgvl) G) — > spec (L§ grE&l) G).

Let x € (L1\La)N (Va+pG\V<a+pG) with 0 < o < 1 and minimal o+ p. Then,
in particular, ¢ 0L; and hence, by Lemma 20, 0 # [rP2] € gr} "grl G.
Moreover, there is a ¢ > 1 such that 0% € Ly\0 L, and, again by Lemma 20,
0 # [rPz] € grf,” ?gry G. This implies that Ly P gry G C LT Pgry G and
hence

L grE{M) G C L} gr%’l) G.
Then the claim follows from Lemma 22.

The following theorem gives the mean value of the spectrum of Gy.

Theorem 24 (C. Sabbah [1, 11.1]) iZSpec(Go) = o,

By Theorem 24, one can compute ¢t on Gy using Algorithm 1, 2, and 3 by
increasing k until iz spec(Ly) = "+

Our final goal is to compute a good basis of Gy. In terms of a good basis of
Gy, the matrix of ¢ has degree one and its degree one part determines the
spectrum of f.

16



Definition 25 Let ¢ be a C[]-basis of a t—invariant C[0]-lattice L C G.
Then ¢ is called good if A2 = A% + QA% where A%, A% e Crxr,

a7

AY =

and ¢; € V,, L for all i € [1, p].

Lemma 26 Let ¢ be a good basis of a t-invariant C[0]-lattice L C G' and

aq

=1e-

= A

Qp

Then spec(L)(a) = #{i € [1,p] | a; = a}.

Proof. Since ¢ is a C[f]-basis of L and ¢; € V,, for all i € [1, ], ([(ﬁz]) _
is a C-basis of gr’ (L/0L) and hence spec(L)(a) = #{i € [1,u] | ; = a}.

5 Monodromy

Let T be the monodromy of M around the discriminant D(f) = f(C(f)) of
f and Ty be the monodromy of G at 0.

Theorem 27 (C. Sabbah [16, 1.10]) T, = T, .

Using Theorem 27, the monodromy 7., can be read off from the matrix of ¢
with respect to a good basis.

Proposition 28 Let ¢ be a good basis of a C[0]-lattice L C G' and

aq

= A

=1e-

Qp

Then
exp (—27ri (grY (A%) + A%))

17



s a matriz of T, where

fO’I" C = (Ci7j)i7j € C‘U‘X‘u.

Proof. Since ¢ is a C[f]-basis of L and ¢; € V,, for all i € [1, ], ([gbz])
is a C-basis of gr’ (L/0L) and hence, by Lemma 20,

o=«

—70, = Ot - g1l grl G b il G grh el G

for all @« € Q and p € Z where N is induced by
¢ — ¢ _
gry grft = grY(QoAao@ 1) :QogrY(Ag) op~h.

Then, by [19, 6.0.1], exp (27ri(gr¥ (A%) + A%)) is a matrix of Ty and hence, by
Theorem 27, exp(—27ri (grY (A%) + A%)) is a matrix of T\.

6 Good lattices

The following property is sufficient for the existence of a good basis of a C[d]—
lattice [1, 5.2]. Recall that a morphism N : F?V; —— F3Vs of filtered vector
spaces F*V; for i = 1,2 is called strict if N(Vi) N FY = N(FY) for all p € Z.

Definition 29 We call a t—invariant C[f]-lattice L C G good if
(10, + )P : L*gry G—— L* P gtV G
1s strict for all o € Q and p > 1.

The following theorem follows from the fact that

N:= @ (70 +a)

0<a<l1

is a morphism of a natural mixed Hodge structure on the moderate nearby
cycles ypmedG = Do<a<1 gr’ G with Hodge filtration induced by G, as defined
in Definition 19 [1, 13.1].

Theorem 30 (C. Sabbah [1, 13.3]) Gy is a good C[f]-lattice.

18



The following lemma shall be used to construct an opposite filtration of L® on
gr¥ G for a good lattice L.

Lemma 31 Let V' be a finite vector space, F'* a decreasing filtration on V'
with F? =0 for p > m, and N € End(V') such that

NP . F*V—— oy

strict for all p > 1. Then 3,50 NY(F™) = @ >0 NY(F™) and

NP2 B (V ) g NUE™)) —— F* 7 (V [ $yng NU(F™))

1s strict for all p > 1.

Proof. If z € F™ with N?*!(z) € 30_ N9(F™) C F™ P then
NP (z) € NPHH(F™ ) =0
since NPt is strict and F™*! = 0. Hence,
p p
NpH(Fm) + Z NY(F™) = Np+1(Fm) & Z NI(F™)
q=0 q=0
and, by induction, >° 5o N9 (F™) = @50 NI(F™).
Let NP(x) € F74 3,50 N"(2,) with z, € F™ for all » > 0. If m — p < ¢ then

NP (x — sy NT_p(z,,)> € F™ Pl and hence

NP(x) € NP(F™) + 3T N™(F™) C NP(FOP) + Y N"(F™)

r>p r>0

since N7 is strict and F™ ™! = 0. If m—p > ¢ then N? (:E—Er>p NT_p(z,)) € F1
and hence NP(z) € NP(F7P) + 3 o N"(F™) since N? is strict. This implies
that NP is strict modulo Y,50 N"(F™) for all p > 1.

The following algorithm computes a C|r, #]-basis of G compatible with the
V-filtration refined by an opposite filtration of L* on gr” G for a good lattice
L. This basis shall be used to compute a good basis of L.

Algorithm 4
Input: (a) A matric B = Y ;50 Bit" € C[r]"** such that —70,¢ = ¢B for a

Clr]-basis ¢ of V, and spec(By) = {a} with o > ay > -+ > o, >
a—1.
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(b) A matriz M € Clr,0]"** such that $M is a basis of a good C[]-
lattice L C G.

Output: A matrizc U = (U"?); penxz € GLL(C) such that (U)y>, is a C-

basis of LPgrl G and {(00y — a;)(¢U"")} C {pU"P~*} + Vooy for all

(i,p) € [1,v] x Z.

(1) Compute Uy € GL,(C) such that
By
Uy ' BoUy =
By
where By € CHi*ti with spec(By) = {a;} fori € [1,v].

(2) Set ¢ = (¢")icp = ¢Up and M := Uy ' M.
(3) Compute a Grébner basis

M = GB(M) € C[g]"**
compatible with the ordering > on {0P¢" | (p,i) € Z x [1,v]} defined by
(p,i) > (¢,7) = p>qV(p=qNi>])

for all (p,), (¢,4) € Z % [1,0].
(4) Set (MP*)piyezxiy = M where

{lexp(MP)} = {(p, 1)}

for all (p,i) € Z x [1,v].
(5) Fori=1,...,r do:
(a) Compute (F“P) ey € CH*Fi such that

F'? = (19lead(M9")) y<np-

(b) Set N; := B} — «;.
(¢) Compute U' = (U"P),ecz € CH>*Hi such that

(F9)C = (U | g <p)C. {NU} C {U)

for allp € 7.
(6) Return

Ul
U= (UP)pewxz = U

Lemma 32 Algorithm 4 terminates and is correct.
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Proof. Since —70,¢ = ¢B,
~70,(0¢') = 0'¢/(B + q) mod Vyras
with spec(B} + ¢) = {a; + ¢} and hence, by Lemma 14,

VoG = @ 07(¢')C

(p,1)<(q,3)

for all (¢, j) € Z x[1,v]. Since M is a Grobner basis, this implies that M%7 €
Va,+qL for all (q,7) € Z x [1,v]. Then, by Lemma 20,

L. grgz G = <<QZF27.>C + VO&,‘)/V<OQ‘ C grg@ G
and, since L is good and (00 — Ozi)gi = @iNi mod V,,_1,
NP (F5*)C—— (F»*P)C

is strict for all ¢ € [1,v] and p > 1. Hence, by Lemma 31, one can compute
U' = (U"?),ez € CH>*Hi guch that

(F7)C= U g2 )0, MU} C {U)
for all (i,p) € [1,v] x Z. Then
(00 — ai)(QUi’p) = @iNiUi’p mod V,_;

and hence {(00y — ;) (9U"?)} C {@U"P~1} 4 V,,_4 for all (i,p) € [1,v] x Z.

7 Good bases

The following algorithm computes a good basis of a good lattice L by a simul-
taneous normal form computation and basis transformation. The computation
requires a C[r, 8]-basis of G compatible with the V-filtration refined by an op-
posite filtration of L* on gr' G.

Algorithm 5

Input: (a) A matriz B € C[r]"** with spec(By) = {a} and a > a; > -+ >
a, > a— 1 such that —10.¢ = ¢B for a C[r]-basis ¢ of V,
(b) A matriv M € C[r,0]"** such that ¢M is a basis of a good C[0]-
lattice L C G.
(¢) An indezing ¢ = (¢"7)ipyeniixz such that (¢"?)ysp is a C-basis of
LPgr¥ G and {(00y — o;)(¢"")} C {¢""7'} + Vg, for all (i,p) €
1,v] x Z. B B
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Output: A matriz M € C[r,0)*** such that M is a good basis of L.
(1) Compute a minimal Grobner basis

M := GB(M) € C[g]***

compatible with the ordering > on {0¥¢"" | (k,i,p) € Z x [1,v] x Z}
defined by

(k,i,p) > (L, j,q) = k>IV(k=INI>jV(i=jAp>q))

for all (k,i,p),(l,7,q) € Z x [1,v] X Z.
(2) Set (M"")nezxpi == M where

{lexp(M*)} = {(k,i,n — k)}

for all (k,7) € Z x [1,v].
(8) Compute (Ai’ll7j)(s,j7l)eZ><[1,1/]><Z and

OF} = 0(B — (a; + k) + 00) MM — MITRAR

/] . . .
—~ 3 M AR — 0" MY AN

8,0,
("5 <(1+k,i)
(S+lzj7nfl)< (l/’j/»nfl/)

such that lexp(q)i”i ;

) < (s+1,5,n—=1) for all (k,i) € Z x [1,v] for

decreasing (s + 1, j,n — 1) until q)’;;J =0 or A’g;J #0 and s > 1.
(4) If @fy’fvj = 0 then return M := (M"").nezx1 -

(5) Choose (k,i) € Z. x [1,v] and (s, j,1) € Z x [1,v] X Z with AI;;] # 0 and
s > 1 such that (s + 1, j,n — 1) is mazrimal.
(6) Set cf”lﬁj =1+k+a—s—1—a;)" and
MP = MM 4 e 0T MY AL

s7l’.7 S7l7.j

(7) Go to (3).

Lemma 33 Algorithm 5 terminates and is correct.

Proof. By Lemma 14,
Va]-—i-qG = @ QP<QZ>C

(p,1)<(q,3)

for all (¢,7) € Z x [1,v]. Let 0 # m € (M)CIf] with lexp(m) = (k,,p). Then
T"’Qm € (Qi’q | ¢ <p)C+ V.G
and, since ¢m € (PM)C[0] = L and L *gr¥ G = (¢™7 | ¢ > n — k)C,

Tkgﬁ € (@i’q lg>n—k)C+V_,,G.
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In particular, p > n — k. Moreover, T"¢lead(m) € grf gry. G and hence, by
Lemma 20,

o" P Fglead(m) € grp gr’ L = (¢plead(M))C).

In particular, if p > n — k then lead(m) € 6(lead(M))C[0]. Since M is a
minimal Grobner basis, this implies that

{lexp(M*)} = {(k,i,n — k)}, M" =lead(M"™") mod terms < (k, 1)
for all (k,i) € Zx[1,v]. In particular, {pM*} C Vi, for all (k,i) € Zx[1,v].
By Lemma 7,to0¢ = 0(—70:) 0 ¢ = ¢ 0 0(B + 00y). Since

{00009 — (k + ))(0"¢"" ")} C {0"F¢" 9} mod Vi ks,
there is a matrix Aé’ﬁ +,; such that
0(B — (k + ;) + 00p) M* = MHk’iAé’ﬁer mod terms < (1 + k, 1)
and hence there are matrices Azlf ; such that

0(B — (k + ;) + 009) M* — MIRIALE = 3 0% M AL
(s/+1/,§") <(1+k,0)
for all (k,i) € Z x [1,v]. Choose (k,i) € Z x [1 v] and (s,j,1) € Z x [1,v] X Z
such that (s +1,j,n — ) is maximal with Asl ;7#0and s > 1. In particular,

(s+1,7) < (1+k,i) and hence 1 + k+o; —s — 1 —a; > 0 and csl] > 0 is
defined. Moreover, since

{00 — (a; + D)@} € {916V} mod Ve, 1,

BLt; = 0(B — (k + o) + 60p) (MP — it 0" M AL )

1+k,i g0,k 1,5 Ak,
- M AO,l-‘rk},Z - Z M AO,Z’,j’
(3" <(1+k,i)
s+l,jn—0)<,j' ,n—-1
»J J

= 0 MYAY] 4 00005 — k — o))" MY ALY
= 0 MYAY . + 5 0°(005 + 5 — 1 — k — ;) M AN
= O MYIAY  + 0 (s+H1+a;— 1 —k—a;) MY AN

=0 mod terms < (s+1,j,n—1)

and hence (s + [,j,n — [) is strictly decreasing until CIDI” = 0. Then the
algorithm terminates and ¢M = (¢M*) 4 yezx(1,) Is & (D[ ] ~basis of L with

t@M’m) ¢M1+k le 14k > QMIIJ,AIS,’;',J" + 0(k + O‘i)QMM
(l’,j’)<(1+k,i)
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and {¢pM*} C Vjyq, for all (ki) € Z x [1,v]. Hence, $M is a good basis of
L.

The following algorithm combines Algorithms 1, 2, 3, 4, and 5 to compute a
good basis of Gy.

Algorithm 6

Input: A cohomologically tame polynomial f € Clx].
Output: (a) A vector ¢ € Clz, 0" such that [¢] is a good basis of Gy.
(b) The matriz A = A9 € C[9]**" of t with respect to [¢].
(1) Set k = deg(f).
(2) Compute ¢ € Clz,0]" and A € C[0]*** by Algorithm 1.
(3) Compute U € C[A]*** and B € C[r]**" by Algorithm 2.
(4) Set ¢ .= ¢U, B:=U"Y(B—710.)U € C[7]*, and M := U~ € C[r, 0"
(5) Compute o by Algorithm 3.
(6) [fiZo > " then set k =k +1 and go to (2).
(7) Compute U = (U"P); pyenvixz € GLL(C) by Algorithm 4.
(8) Set ? = (?Ui’p)(@p)e[l’l,}xz, B = U_l(B - T@T)U € C[T]“X”, and M =
U~tM.
(9) Compute M € C[r,0]"*" by Algorithm 5.
(10) Set ¢ := ¢M and A := M~'0(B — 70,)M € C[A]**H.
(11) Return ¢ and A.

Proposition 34 Algorithm 6 terminates and is correct.

Proof. Let L C Gy be computed by Algorithm 1. Then Ly = G, for k>0

and k is strictly increasing while iZa > ”TH By Lemma 23 and Theorem

24, L = Gy if and only if iZa = iZspec(L) = iZspec(Go) = ”TH This
implies that L, = G| after finitely many steps. By Theorem 30, L := L; = G
is a good lattice as required by algorithms 4 and 5. Hence, the algorithm

terminates and is correct.

Remark 35 In the local situation, one can replace the algorithms [8, 7.4-5]
by the algorithms 4 and 5 to avoid the linear algebra computation [8, 7.4]. This
modified algorithm is implemented in the SINGULAR. [20] library gmssing.1lib

[21].
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8 Examples

Algorithm 6 is implemented in the SINGULAR [20] library gmspoly.lib [22].
Using this implementation, we compute a good basis ¢ of G for several exam-

ples. By Lemma 26, the diagonal of A? determines the spectrum of f. Using
Proposition 28, we read off the monodromy T, around the discriminant of
f from A2. First, we compute two convenient and Newton non-degenerate
examples [10].

Example 36 Let f = 2 + y? + 2°y®. Then SINGULAR computes

1
¢: (17xy7y7x7$2 + 2>

and
-2 0 0 0 1% $0000
0-10 0 0 01000
A =10 0 -10 0 [+0]00100
00 0-10 00010
1 00 0 —3 00003

The monodromy T, has a 2 x 2 Jordan block with eigenvalue —1.

Example 37 Let f =z +y + 2z + 2%y?22. Then SINGULAR computes

o= (1, 0%z — 302% + 23, 295, 106%22 — 2259903 + ;:ﬁ, —%4591’ + %45332>
and
000—-2 0 50000
000 0 12 01000
A =1100 0 0 |+6]00200
010 0 0 00020
001 0 0 00003

The monodromy Ty, has a 2 x 2 Jordan block with eigenvalue 1 and a 3 X 3
Jordan block with eigenvalue —1.

Finally, we compute a non—convenient and Newton degenerate but tame [23,
3] example.
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Example 38 Let f = x(2? 4+ y*)? + z. Then SINGULAR computes

B 8645 s
¢ = (1,623645y, W:z:,—2470(y +2?),

— 11339(y* + 2%y), 475(20y° — 502 + 62%), ¢, 36%y* + 4y,
6670(0y" — 1002%y + 62°y), 80%y* — 200%” — 1502° + 182" + 3,

— 4365515(3592y4 — 350022y — 300023y + 180xty + 249),

623645

x Y
6 Y

— 8645 (0 + 2° — 42?), 124729 (50zy + y* — 5x2y)>

and A9 = A[OQ] + QA[F] where

0o 0 o0 0 0 -38000 0 0 0 0 0 0
32
0o 0 0 0 0 0 00 —5Z o 0 0 0 0
96 —288
o= 0 0 0 0 0 00 0 s 0 0 0 0
7
0 0 —3% 0 0 0 00 0 0 0 0 0 0
0o 0 0 0 0o 0 00 0 0 o -4 o o
52 728
o 0o o -2 o 0 00 o0 0 o o 2 o
a8l _ 0o 0 0 0 0o 0 00 0 0 0 0 0 0
© 0o 0 0 0 0 0 00 0 0 0o 0 0 0
17 187
0o o0 o0 0o - o o0 o 0 o o o i
0o 0 0 o o 3B 900 o0 0 0 0o 0 0
4
0o 0 o0 0 0 0 00 —gghere O 0 0 0 0
o %2 o0 0o o0 0 00 0 o 26 o0 o0 o
1
0 0 &% 0o 0o o0 00 0 0 0 0 0 0
0o 0 0 0 0o 0 00 0 0 o & 0o o
and
1000 0 0000 0 00 00O
000 0 0000 0 00 0 0
0020 0 0000 0 00 0 O
0o o0 0o 0000 0 00 0 0
0000 i 0000 0 0000
0000 0o o000 0 000 0
Al 00000 0 0100 0 00 0 0
! 00000 0 0010 0 00 0 O
00000 0 0004 0 00 0 0
0000 0 0000+ 00 0 0
00000 0 0000 0 o0 o0 o0
0000 0 0000 0 0 % 00
00000 0 0000 0 0020
0000 0 0000 0 000 2
The monodromy T, 1s unipotent with eigenvalues
—omil  _omiL _—9oxi2  _—omill _opiid _onpjld
e 27”3,8 27r11576 27”3,6 27”15,8 27”15,6 277115’1’
6 _onill  _onil9  _onid  _opi23  _orid
1,6 27r1157e 27r115,e 27“15,6 27r13’e 27r1157e 27r13.
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