A COHOMOLOGICAL INTERPRETATION OF
DERIVATIONS ON GRADED ALGEBRAS

XIA LIAO AND MATHIAS SCHULZE

ABSTRACT. We trace derivations through Demazure’s correspondence between a finitely
generated positively graded normal k-algebras A and normal projective k-varieties X
equipped with an ample Q-Cartier Q-divisor D. We obtain a generalized Euler sequence
involving a sheaf on X whose space of global sections consists of all homogeneous k-linear
derivations of A and a sheaf of logarithmic derivations on X.
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1. INTRODUCTION

As an elementary motivation for the topic of this article, we recall the Euler sequence
on projective space X = P} over a field k. Setting 4 := Ox(1)"*!, it reads

For any d € Z, H*(X, . # ® Ox(d)) computes the homogeneous k-linear derivations of
degree d of the section ring A = @, H*(X, Ox(d)). In fact, the section ring identifies

with the polynomial ring A = K[z, ..., x,] and the module of k-linear derivations of A,

Derg(A) = @) Ad,, = A(1)"H,
=0

—~—

is free of rank n + 1. Therefore, Dery(A) = 4 and H*(X, # ® Ox(d)) = Dery(A),.
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There is the following generalization due to Wahl | ]. Let k be algebraically
closed of characteristic 0, let X be a normal projective k-variety, and let £ = Ox (D) be
the sheaf of sections of an ample line bundle L on X. Then

e there exists a coherent Ox-module .Z and a short exact sequence (1.1),

o T M = Derp-1(—log X), where m : L™! — X is the projection, and X is identified
with the zero section of the line bundle L1,

o HY (X, # ® £%) computes the homogeneous k-linear derivations of degree d of
the graded normal section ring @,-, H°(X,.%¢"), and,

o if dimX >2and d <0, HY(X, # @ £%) =~ H'(X,0x @ £7).

Based on this result and a generalization of Zariski’s lemma due to Mori and Sumihiro,
Wahl gave a cohomological characterization of projective space: If X is smooth and
H(X,0x @ £7') # 0, then (X,.%) & (P}, 0x(1)) or (X,.%) = (P}, Ox(2)). From
his investigations, Wahl derived the conjecture | , Conj. 1.4] that normal graded
isolated singularities do not admit negative degree derivations, at least for some choice of
grading. In case of isolated complete intersection singularities (ICIS), where the grading
is essentially unique, Aleksandrov [ , 86] studied this conjecture. His results are
affirmative if at least one defining equation has multiplicity at least 3, but he also gives
counter-examples.

In this article, we give a cohomological interpretation of homogeneous derivations on an
arbitrary finitely generated positively graded normal algebra over an arbitrary field k. Our
approach relies on a construction due to Demazure reviewed in §2: To a k-algebra A under
consideration, one associates an ample Q-Cartier Q-divisor D on X = Proj A, unique up
to adding a principal divisor, such that Ox(iD) = Ox(i) (see (2.2)) for any ¢ € Z.
Conversely, given a normal projective k-variety X equipped with an ample Q-Cartier
Q-divisor D, the section ring A = @,y H°(X, Ox(iD)) is a finitely generated positively
graded normal k-algebra. These two constructions are mutually inverse, hence any finitely
generated positively graded normal k-algebra A takes the form @,y H°(X, Ox(iD)) for
an appropriate Q-Cartier Q-divisor D on X = Proj A. Watanabe | | described the
depth and the Cohen—Macaulay and Gorenstein properties of A in terms of D.

Theorem 1.1 (Generalized Euler Sequence). Let X be a normal projective k-variety with
singular locus Z := X8 D an ample Q-Cartier Q-divisor and A the section ring.

(1) For any d € Z, there is a coherent reflexive Ox-module Mpq (see (3.2)) on X
and divisors Wp 4 and Lp g4 (see Definition 4.5). They fit into an exact sequence

(1.2) 0= Ox(dD + Wpa) 5 Mpa > Dery(dD —log Lp.g) — H#%(Ox(dD + Wp.a)),

where %, is Grothendieck’s local cohomology sheaf with support Z and PDerx(dD —
log Lpa) is a certain sheaf of logarithmic derivations (see Definitions 3.5 and 4.5).

(2) If dim X > 1, then the space of global sections H°(X, #p q) identifies with the
space Deri(A)y of homogeneous degree-d k-linear derivations on A.

Proof. Proposition 5.1 proves (1) and Lemma 3.3 proves (2). O

Remark 1.2. (1) The hypotheses for §4 show that Z in Theorem 1.1 may be replaced

by the locus where some irreducible component of D fails to be Cartier. However, the

local cohomology sheaf in (1.2) is only a coarse estimate for the image of ¢ in general.
(2) In case A is a graded normal surface singularity, the sequence (1.2) was described

by Wahl | , (4.3) Thm.].
(3) In case D is a Cartier (integer) divisor, the sequence (1.2) reduces to the short
exact Euler sequence of Wahl (see | , Thm. 1.3]) which takes the form (1.1).
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Alternatively it can be obtained by adapting our arguments in §4 (see Remark 4.4).
Wahl proves surjectivity of 1 using a smoothness argument limited to the case where D
is a Cartier divisor (see Remark 2.1).

(4) A particular case of the sequence (1.2) can be obtained by dualizing the sequence
in the proof of | , (8.9) Lem.]. There is also short exact Euler sequence for toric
varieties (see [ , Thm. 8.1.6]).

(5) There is a vast generalization of the Demazure correspondence due to Altmann,
Hausen and Siiss | : ].

Corollary 1.3. Assume that chk = 0, that A is (S3), and that X is (Rs) of dimension
dim X > 2. Then there is a short exact sequence

(1.3) 0 —— Ox(dD) —— Mp g — PDerx(dD —log Lp 4) —— 0

whose sequence of global sections is short exact as well. In particular, if d < 0, then
Dery(A)y & HY(X, Mpq) = H(X, Derx(dD —log Lp 4)).

Proof. The proof is given in Proposition 5.3. U

Corollary 1.4. If X s reqular, Wpqg = 0, and Lpg a free divisor in the sense of

Saito | |, then the extension class of the short exact sequence (1.3) is given by ep €
HY (X, Q% (log Lp4)) (see (5.9)).

Proof. The proof is given in Proposition 5.4. O

We present two examples:

In §6.1, we consider an ICIS counter-example to Wahl’s conjecture found by Michel
Granger and the second author (see | ). We describe the associated projective
variety X and its singularities and apply our results to interpret a degree-—1 derivation
as a twisted vector field on X.

In §6.2, we study the degree-—1 derivations on klz,y, z|/(zy — 2%) with x,y, z all of
degree 1. Notice that if ch(k) # 2 there is no such derivation, while if ch(k) = 2, 0, is
one such derivation. We will give a cohomological explanation of this phenomenon.

Acknowledgements. We are grateful to Jonathan Wahl for stimulating questions and
useful hints.

2. DEMAZURE’S CONSTRUCTION

Demazure | | established a correspondence between

(A) finitely generated positively graded normal algebras A over a field k and
(B) normal projective k-varieties X equipped with an ample Q-Cartier Q-divisor de-
fined up to (Z-)linear equivalence.

In the following, we briefly summarize the main features of this correspondence.

(B)~(A). We start with an ample Q-Cartier Q-divisor D on a normal projective k-
variety X. More specifically, this condition means that we can write D as a finite sum
over prime Weil divisors V' (codimension-1 subvarieties of X)

(2.1) D=> r-V, =2 eq,
v qv

where py and gy > 0 are coprime integers for each V', and there exists a positive integer

N such that ND is an ample Cartier (integer) divisor. For any k-variety X, let K(X)
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denote the space of rational functions and J#x the corresponding constant sheaf. With
| — | being the coefficient-wise round-down, one defines

(2.2) Ox (D) := 0Ox(|D])

in the usual way as a coherent reflexive x-submodule of J#x. Consider the following
quasicoherent graded O'x-algebra

(2.3) o =P > P A= 7.
i€z ieN

defined by
= Ox(iD)T".

The inclusion (2.3) yields an open embedding of cylinders

2.4 C :=Specy #/— Specy Z+ = CT "5 X
X X

over X whose complement is the image of the zero-section of C* — X defined by &7+ —
7y, which is isomorphic to X (see | , 2.2 Lem.]).

Remark 2.1. In case D is a Cartier (integer) divisor, Ox (D) is the sheaf of sections of
an ample line bundle L on X. The cylinder C* then becomes the total space of the line
bundle L™ (see | , (1.2)]) and the morphism 7 is smooth. This was used by Wahl
to construct the short exact sequence (1.1) in this case (see | , Proof of Thm. 1.3]).

In general 7 is smooth if and only if it is flat with geometrically regular fibers. By
[ , 2.8 Prop.], the latter enforces gy = 1 in (2.1). Moreover, flatness of &/ over Ox
means that o = Ox(iD) is locally free for all i € Z. Therefore smoothness of 7 occurs
exactly in the case D is a Cartier (integer) divisor.

The desired positively graded k-algebra associated with X and D is
A=H(X, ") =D A, A :=H"(X 0x(iD)T".

ieN
The restriction morphisms A — H°(U, &/") glue to a canonical morphism
(2.5) C*t — Spec A =:T",

contracting the image of the zero-section of C* — X to the vertex m of the cone I'". It
induces an isomorphism

(2.6) C =T :=SpecA\ {m}

of the open cylinder with the open cone and, by passing to the G,,-quotient, an isomor-
phism

X 2 Proj A,
where A is finitely generated (see | , 3.2 Prop., 3.3 Prop.]). In particular, this gives
an identification (see | , Cor.(3.2)]).
(2.7) K(C) = K(X)(T) = Q(A).
The normality of I't and hence A follows using (2.6) from | , 2.7 Lem.] and | :

Cor. (2.3)], together with Serre’s normality criterion. Alternatively, it can be verified

directly by checking that 7 is a sheaf of integrally closed rings.
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(A)~(B). Assume now conversely given a finitely generated positively graded normal
k-algebra A. Then one obtains a normal projective k-variety by setting

X :=Proj A.

Without loss of generality, we may assume that the degrees of the generators are coprime.
For i € Z, denote as usual by

Ox(i) = A(i)
the coherent sheaf on X associated with the graded module A(7). Taking 7 := Ox (i),
one obtains quasicoherent graded @ x-algebras & O /" and cylinders C' C C* as in (2.3)
and (2.4). By assumption on the degrees of the generators of A, there is a homogeneous
rational function T € Q(A) of degree 1. By the way C is defined, T € K(C) and the
homogeneity of 7' means that the associated principal divisor div(7") on C'is G,,-stable.
It then comes from a Q-divisor D on X (see | , 3.5 Thm.]),

div(T) = 7*(D).

A different choice of T', say T”, will result in a different divisor D, say D', on X. However,
T/T" € K(X)(T), being homogeneous of degree 0, implies that 7'/7" defines an f €
K(X). Thus, D and D’ differ by a principal divisor,

(2.8) D = D' +div(f).
From the normality of A, one deduces the following equalities (see [ , 3.5 Thm.])
(2.9) Ay = HY(X,O0x(iD)T?, Ox(i) = Ox(iD)T", forallic Z,

of subspaces of K (C') and subsheaves of 7, #¢ respectively. We denote the k-th Veronese

subring of A by
AW = P Ay
ieN
Since A is finitely generated there exists an N > 1 such that, for all i > 1, AN is
generated over Ag by A = A,y (see | , Ch. I1I, §1, Prop. 3]). Combined with

the second equality in (2.9), this shows that iN D is a very ample divisor for those ¢ > 1
which clear the denominators of ND.

3. REFLEXIVE SHEAVES AND RATIONAL DERIVATIONS

We now discuss the basic idea of this paper. We adopt the setup of Demazure’s
construction (see §2) and use the following list of data freely in the sequel:

e a finitely generated positively graded normal k-algebra A with coprime degrees of
generators,

e a corresponding ample Q-Cartier Q-divisor D on X = Proj A,

e a homogeneous T € K(C) of degree 1 with div(T) = 7~ (D),

o the graded Ox-algebra o = @, , Ox(iD)T" = ,., Ox (1),

e the cylinder 7 : C' = Specy () — X over X and the cone I'" = Spec A.

Recall that a coherent x-module % is called reflexive if the canonical map

F — FV
to the double-dual is an isomorphism. In other words, reflexive &'x-modules are duals of
coherent @x-modules (see | , Cor. 1.2]). In particular, the tangent sheaf

(31) @X = @erk ﬁX = (Qﬁ(/k)v
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is a reflexive &'x-module for any normal k-variety X. An &x-module .# is called normal
if the restriction map

FU)—= ZU\Y)
is bijective for all U C X open and Y C U closed of codimension > 2.

Lemma 3.1 (| , Prop. 1.6]). A coherent Ox-module F is reflexive if and only if it
18 torsion-free and normal. U

The grading on m,.0¢ = @, Ox(1D)T" induces a grading on the &x-module
(3.2) %D = W*@C = .@erk W*ﬁc = @%p,d, //Dd = (W*@C)d-

deZ

The following two lemmas establish the properties of .#p 4 stated in Theorem 1.1.
Lemma 3.2. The sheaves (1,.O¢)q are coherent reflexive Ox-modules.

Proof. Since O¢ is a coherent &c-module and 7, is exact (7 is an affine morphism), 7.0¢
is a coherent m,0c-module. It follows that (m,0¢)4 is coherent over (7m.0¢)g = Ox.

Let y € X be an arbitrary (closed or non-closed) point. By | , 2.5], 1 (y)red =
Spec k(y)[t,t7!] is 1-dimensional. In particular, this implies that codimcm (V) =
codimy Y for any closed subset Y C X. Thus, reflexivity of (7.0¢)4 follows from reflex-
ivity of ©¢ (see 3.1) using Lemma 3.1. O

Lemma 3.3. Ifdim X > 1, then H°(X, (7.0¢)q) = (Dery, A)q.

Proof. Since A is a normal k-algebra, I'" is normal affine k-variety (see (2.5)) and
codimp+{m} = dim(I'") = dim X + 1 > 2 where m is the vertex of I't. By (3.1)
and Lemma 3.1, Op+ is normal and, using (2.6), there is a graded identification

Dery A = H'(I'",0p+) = H(T',0r) = H*(C,0¢) = H*(X, m.0¢). O

The following lemma serves to define the maps in the generalized Euler sequence (1.2)
in Theorem 1.1.

Lemma 3.4. There is a canonically split short exact sequence

(3.3) 0 Ho ?, Dery, Ko LN Dery, Kx —— 0
1—=Top

obtained as the localization of an underlying graded sequence.

Proof. Since T in (2.7) is transcendental over K (X), K(X) C K(C) a separable field ex-
tension. This yields a short exact sequence of K (C)-vector spaces (see | , Thm. 26.6])

0 Qreeyro < ey — K(C) @k Qrxosm < 0.
Its K(C)-dual reads
(3.4) 0 — Dergx)(K(C)) = Der(K(C)) = K(C) ®kx) Dery(K(X)) = 0.
Since Q}(( Xk = K(X)[T]dT and Kahler differentials commute with localization,

Derr(x)(K(C)) = HomK(C)(Q}((C)/K(X)a K(C))
= HomK(C)(K(C) QR (x)[T+1] Q}((X)[Til]/K(Xy K(C))
= K(C) @k x)ir+1 Homg o) (Qie ooy e xy K (X))
= K(C) @k x)r+1 Dergx) (K (X)[TF)
6



is a localization of the graded module Der g x)(K(X)[T=']) which is free with with ho-
mogeneous basis TOr of degree 0. Similarly the entire sequence (3.4) is obtained by
localizing the dual of the graded short exact sequence

(3.5) 0 < Q) < Qoo < K(X)[T] @xx) Qrx)/n-

Viewing all terms of the sequence (3.4) as constant sheaves yields the sequence (3.3).
The canonical splitting of the sequence (3.4) is induced the composition of the inclusions

Dery,(K (X)) < Dery (K (X)[T]) < Der,,(K(C)),

the first one defined by setting o(7") = 0 for any o € Der, (K (X)), and the second one
by extension to the fraction field. U

Now we are ready to explain the idea behind Theorem 1.1: By Lemma 3.3 and (3.2), any
§ € (Dery, A)gq can be considered as a rational derivation § € H(X, Zery 7, #c) = K(C)
with the additional requirement that

(3.6) §(Ox(iD)T") C Ox((i + d)D)T".

More explicitly, for a dense open subset U and its (dense open) preimage V := 7w~ (U),
the restriction of § to U in HY(U,m.(0¢)q) C H°(V,0¢) can be viewed as a rational
derivation ¢ € Dery(K(C)). By Lemma 3.4, § decomposes uniquely as

(3.7) 0=o0+aTl0r,

where a € K(C) and 0 € K(C) ®k(x) Dery(K(X)). The condition (3.6) imposes re-
strictions on the possible choices of o and « in (3.7). We will investigate these options
via a local computation in §4. The first two arrows in our generalized Euler sequence in
Theorem 1.1 will be induced by the simple minded inclusion o +— oT%T0p = 7,0 (aT?)
and the projection § — T~ % = 7, ¥(T~45) induced by 7, of (3.3) (see (4.12) and (4.16)).
The possible ¢ in (3.7) will turn out to form a sheaf of certain logarithmic derivations.
It is defined in terms of rational derivations in the spirit of Zariski (see | , Ch.1)).

Definition 3.5. Let S be a Q-divisor and L a reduced effective Weil divisor. Define
the sheaf of derivations with poles along S logarithmic along L as the sheaf sections of
the constant sheaf Zer; #x of rational k-linear derivations on X which map Ox(—L) to

Ox(S — L) (see (2.2)),

Derx(S —logL) := Ox(S — L) :gex, 0 Ox(—L).
Remark 3.6. For S = 0 in Definition 3.5, the sheaf Zerx (S —log L) = Zerx(—log L) is
the one defined by Saito | |, as suggested by our notation. However for a (possibly

non-reduced) effective divisor S it differs from the multilogarithmic derivations associated
with hyperplane arrangements as defined by Ziegler (see | ).

Lemma 3.7. (1) The sheaf Perx (S — log L) is a coherent reflexive Ox-module.
(2) The canonical map

PDerx(—log L) ®gy Ox(S) = PDerx(S —log L)

is an isomorphism if | S| is a Cartier divisor.
(3) The map in (2) induces an isomorphism

(Zerx(—log L) ®¢, Ox(S))" = Perx (S —log L).
7



Proof. The statements are of local nature, so we may assume that X = Spec B is affine.
Then H°(X, Ox(S — L)) is a fractional ideal. It follows that, for any non-zero divisor
g € H'(X,Ox(—L)), there is an f € B such that

(38) S = ﬁx(s — le(f) — L) C ﬁx(— le(g)) =0y - g C ﬁx(—L) = /

is a chain of inclusions of (coherent) ideal sheaves. As derivations extend uniquely to
fields of fractions, Pery(#x) = Pery(Ox, #x). Since multiplication by f defines an
automorphism of the latter &'x-module, we obtain
(3.9) f-Derx(S —logL) = Perx (S — div(f) — log L).
After suitably modifying S, we may therefore assume that f = 0. By the Leibniz rule,
Der(Ox - g) C Per(Ox) and (3.8) implies that

Derx(S —logL) = . g0y F -

Writing _# = (f1,. .., fm) s, another application of the Leibniz rule shows that

I ger,ox F = Dery(Ox, I o F)N m,ﬂ “Gery, 0x fi-
i=1
Thus, coherence of Zerx (S—log L) follows from coherence of Zery,(Ox, #) = #ome, (O, A )
for any coherent 0'y-module .#. Since Zerx (S —log L) is defined by codimension-1 con-
ditions, it is a normal sheaf and hence reflexive by Lemma 3.1. This proves (1), and (2)
follows from (3.9) taking div(f) := [S]. To see (3), use that | S| is Cartier in codimension
1 and apply (1) and Lemma 3.1. O

4. LOCAL DERIVATIONS ON A CYLINDER

In this section, we investigate the condition (3.6). Let D be a Q-divisor on X and
write it as in (2.1). Let U = Spec B be an open affine subset of X on which all the V'
appearing (2.1) are Cartier. This condition is met, for example, when U is regular.

We first treat the case where D has only one irreducible component. Equivalently,
D = §V. Let g be a defining equation for V on U. The restriction of & to U is the
B-algebra

A= Bg T C By[T, T
i€
We aim for an explicit description of the graded algebra Der; A. Note that A, =
B,[T,T7'] and hence
(4.1) Der, A C Dery, Ay = Ay Dery, By ® AyT0r.
Accordingly any derivation § € Der, A decomposes uniquely as
=o0+al0r, o€ A;Der,B;, o€ A,
For a homogeneous 0 € (Dery A)4, by degree reasons,
o' =T % €Dery B,, o :=T"% € B,.
Correspondingly we consider
(4.2) § =T =o' +a'TOr € Dery, A,.
For notational convenience, we abbreviate
(4.3) Si 1= Mipqg — My, My = |pi/q].
Then . A
Y =0 +d'Tdp: Bg~™T" — Bg ™+T"
8



and hence, cancelling 7",
o' +1ia' : Bg7™ — Bg ™t
For any b € B, this means that

(4.4) a'(b) + blia/ —m,o'(g)/9) € g% B.

The minimal s; will be relevant for further investigations and we denote it by
(4.5) s :=min{s; | i € Z},

Setting b = 1, we see that (4.4) is equivalent to the following two conditions
(4.6) o :B— g °B,

(4.7) i/ —myo'(g)/g € g% B for alli € Z.

Condition (4.6) implies that ord,(g°c’(g)/g) > —1. Two cases are possible:

(a) ordy(g°0’(g9)/g) >0
(b) ordy(g°0’(g)/g) = —1

We shall find out a numerical criterion, in terms of p, ¢ and
w := ch(k),

to tell when (b) and (4.7) can simultaneously hold. Our guiding principle is the following:
If (b) holds then for s; = s the excessive pole of —m;g°0’(g)/g in (4.7) must be canceled
by ig®a/. Indeed, notice that (4.7) requires in particular that

(4.8) ord,(ig°a’ —m;g°c’(g)/g) > 0 if s; = s.
We first need to see for what i can s; achieve the minimum s. We use the notation
{z} := = — |z] in the following paragraphs. Then
si = [p(i +d)/q] — [pi/q]
= lpd/q] + [pi/a] + [{pd/q} + {pi/a}] — Lpi/q]
= pd/q) + [{pd/a} + {pi/a}].

Thus, we obtain the part (1) of the following lemma. For part (2), pick i = ¢ if w1t ¢
and, otherwise, pick ¢ € Z with pi =1 mod gq.

Lemma 4.1. We have s = |pd/q|. Moreover, s; = s if and only if {pd/q} +{pi/q} < 1.
In particular,
(1) if pd = —1 mod q then s; = s if and only if i € qZ;
(2) if pd 2 —1 mod q or w{q then s; = s and w ti for some i € Z. O
We can now characterize the case where (b) and (4.7) both hold explicitly as follows.

Lemma 4.2. Assume that both (b) and (4.7) hold. Then pd = —1 mod ¢ and w tq.

Proof. We treat both the case w # 0 and w = 0 simultaneously. Note that, in the latter
case, w 1 i is equivalent to ¢ # 0 for ¢ € Z.
Let i = ¢, then m; = p, and s; = s by Lemma 4.1. Then condition (4.8) reads

(4.9) ordy(g°(ga’ — po’(g)/g)) = 0

This inequality tells us that w t ¢. In fact, if w | ¢, we would have ord,(—pg®c’(g)/g) >
0. By (b), this would force w | p. However, p and ¢ should have no common factor

according to our initial choice.
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Suppose {pd/q} # (¢ — 1)/q. Take an integer i such that pi = 1 mod ¢q. Such an
integer exists because p and ¢ are coprime. According to Lemma 4.1, s;4,; = s for all
j € Z. Condition (4.8) with ¢ replaced by i + qj reads

ordy(g°((i + ¢j)a — mirq;0'(9)/9)) = 0.
Comparing with (4.9) implies that
(4.10) Mivai _ P iy ks for all j € Z such that w1 (i + ).
t+qg q

Since w { g, there exists a j such that w { (i +¢j). Thus the content of condition (4.10)
1s non vacant.

Using the definition m; ,; = |p(i + ¢j)/q| and simplifying the above equation, we get

pi/q— |pi/q] =0 in F, Ck.

This equation tells us that pi —¢|pi/q| is a multiple of w in Z. However pi — qL’éiJ =1

by our choice of i. This is a contradiction. U
There is also an inverse construction. Suppose pd = —1 mod ¢ and w t ¢. Given a
o' € Dery, B, with the additional properties (4.6) and (b), we can choose any
O_/
(4.11) o = paly) +9 %a, a€B,
qa g

and lift o’ to ¢ = ¢’ + &’T'Or. The condition (4.7) is satisfied because when i € ¢Z the
left hand side of (4.7) is g~®a by our choice of /. If on the other hand i ¢ ¢Z we have
s; > s according to Lemma 4.1; consequently, using (b),

ordy(g* (ia’ —m;0'(g)/g)) = minfordy(g*0’(g)/g), ord,(g*a’)} = 0.

It is time to explain the geometric meaning of this construction. Condition (4.6) tells
us that restricting 7w, ¥ from (3.3) to (m.0¢)q4|v induces a morphism

(4.12) Yy (mO)dly — Ou(sV), 8 o =m,U(T™%).
Lemma 4.2 combined with the above inverse construction shows that 1y is surjective
if and only if pd = —1 mod ¢ and w { ¢. If this numerical condition is not satis-

fied, then condition (a) must hold and we see that the image of ¢y is contained in
Pery(—log V) (sV). The morphism is in fact surjective since for a given ¢’ satisfying (a)
we can lift it to a section of (m,0¢)q on U by choosing any

(4.13) o €g’B

and ¢" according to (4.2). This lift apparently satisfies condition (4.7).
Summarizing the above, we have

Proposition 4.3. Let s = |pd/q| and w = ch(k). Then there is a short exact sequence

based on the following numerical conditions. If pd = —1 mod ¢ and w t q, then
(4.14) 0—— Ou(sV) 2% (1.00)aly —% Op(sV) —— 0.

If pd = —1 mod q and w | q, then

0—— Ou(sV + V) 2% (1.00)dlo —% Dery(—log V)(sV) —— 0.

Otherwise,

0—— Ou(sV) 2% (1.00)aly —2%s Dery(—log V)(sV) —— 0.
10



Proof. 1t remains to determine the kernel of ;;. To this end, let € ker¢y. By (4.12),
this means that ¢’ = 0. By condition (4.7), it follows that

(4.15) ial € g7 B, forallie€Z.

If pd = —1 mod ¢q and w | ¢, then (4.15) implies o/ € g~*"!B by Lemma (4.1).(1). In all
other cases, (4.15) implies o/ € g~*B by Lemma (4.1).(2). This shows that

(4.16) ou o+ aTop = 7, ®(T%))

induced by m,® is the kernel of . O

Remark 4.4. In the case where D is a Cartier divisor and w = ch(k) = 0, we obtain an
exact sequence

0 —— Ou(sD) 2% (1,00)alv 2% Oy (sD) —— 0.

similar to the sequence (4.14), without having to assume each irreducible component of D
is Cartier. To see this, let g € Q(B) be a defining equation for D and read the preceding
arguments in this section with V' = D and p = ¢ = 1. Note that, in this case, m; =1
and s; = s for all i € Z and hence (4.7) reduces to a single condition giving the lift as in
(4.11).

Finally, we deal with the general case where D has multiple components as in (2.1).
Definition 4.5. For each d € Z and w = ch(k), define Weil divisors

WD,d = Z ‘/, LD,d = Z V.

pyd=—1 mod qy pydZ—1 mod qy
and w|qy or w|qy

Note Wp 4 = 0 if w = 0 and that Lp 4 is reduced effective as required in Definition 3.5.

Remark 4.6.

(1) In part (A)~(B) of Demazure’s construction (see §2), one can choose different
homogeneous rational T € Q(A), resulting in different Q-ample Q-Cartier divisors D.
However, the divisors Wp 4 and Lp 4 in Definition 4.5 are independent of this choice.
To see that one uses the fact that div(f) in (2.8) has integer coefficients which do not
contribute to Wp 4 and Lp 4.

(2) By definition,

Ox(dD — Lpg) = Ox(dD - D), D':=> (1-1/qy)V.
%

The divisor D’ occurs in Watanabe’s formula relating the canonical module K4 of A to
the canonical divisor Ky of X,

Kx=@DH(X, 0x(Kx + D' +iD)).
i€Z
In case X is a regular curve, we have
Qerx(dD — log LD,d) = @X(dD — LD,d) = ﬁx(—KX — D/ + dD)

and a generalized (short exact) Euler sequence was described already by Wahl (see
[ , Prop. 3.1, Proof of Thm. 3.3]. However, the first isomorphism above is a special
feature of this case.

Proposition 4.7. There is a short exact sequence

0—— ﬁU<dD -+ WD,d) % (W*@C>d|U L .@erU(dD — IOg LD,d) — 0.
11



Remark 4.8. In particular, in case D = 2V, 0y(dD + Wpa) = Oy(sV + Wp,q) which re-
duces to Oy (sV') or Oy (sV+V') depending on the numerical conditions in Proposition 4.3.
Similarly, Oy(dD — Lp4) = Oy(sV — Lp4) and hence

Dery(dD —log Lp 4) = Pery(sV —log Lp q) = Pery(—log Lpa)(sV)

by Definition 3.5 and Lemma 3.7. Again this reduces to either Oy (sV') or Zery(—log V) (sV)
depending on the numerical conditions in Proposition 4.3. For this reason the sequence
in Proposition 4.7 unifies the three sequences in Proposition 4.3.

Proof of Proposition /.7. We need to first establish the existence of the morphisms ¢
and vy. We denote the irreducible components and coefficients of D by

D::Z%Vi.

There exists an affine open covering of U = U\ U, ; ViN'V; by U; := U\ U,; V;. On
each U;, D has only one irreducible component. Therefore, according to Remark 4.8, we
have an exact sequence on each U;,

, .
0 —— Op.(dD + Wpa) —25 (1.00)alv, —— Dery(dD — log Lp 4)|u, —— 0.

These exact sequences glue to an exact sequence on U’ because all ¢y, and ¢y, are induced
by ® and ¥ from (3.3) via (4.12) and (4.16). By Lemmas 3.1, 3.2, 3.7, pushing forward
along i : U' — U yields a left exact sequence

T Pu’ T d}U/

0 —— Oy(dD + Wp4) — (1.0¢)aly — Pery(dD —log Lpa)|u-

We define ¢y and ¢y by i.pp and i,y , respectively.
To check surjectivity of the map vy, it suffices to construct a lift along vy for any

o € H(U, Yery(dD —log Lp g)).
Let g; be the defining equation for V; and denote by

i o U+ d)ps dpi . pid
s = min{|[——] — | =] |j € Z} = | =]
4qi 4q; qi
the “s” for the basic case D]y, = 2ViNU; (see (4.3) and (4.5)). Restricting to U;, we
find

(117) ordy, ((8)) = —s
all b € B and all i (see (a) and (b)). We consider 6 := o + aT'0r € Dery(K(C)) where
p2)  ifpd=—1 mod g and w1 g
(418) o= Zai7 ;= @G gi 1L p; . mod q; and w ’f q;,
; 0, otherwise.

Regrouping the terms of o/ = T % as
o =al+ Z o

and using (4.17), we see that o/|y, has the shape required in (4.11) and (4.13) and hence

§ € H(U;, (m.0¢)q) by (the proof of) Proposition 4.3. Thus, § € H'(U', (7.0¢)4) =

H°(U, (7.0¢)q) by gluing and Lemma 3.2. By construction and (4.12), § lifts the given

o proving surjectivity of ¢y . O
12



Remark 4.9. In the special case ¢ = 1, it is clear from our construction that

(m:0¢)dslv = (1.0¢)a, v ®e, Ov((dy — di)D).

5. GENERALIZED EULER SEQUENCE
We can now globalize our local construction from §4.

Proposition 5.1. Denote by Z := X \ X8 the complement of the regqular part of X.
Then, for each d € 7., there is an exact sequence
(5.1)

0 Ox(dD + Wp4) = (m.0¢)a = Derx(dD —log Lp.a) — % (Ox(dD + Wp.q))
whose first three terms are coherent reflexive Ox-modules.
Proof. Denote by 7 : X™ — X the inclusion. By Proposition 4.7,
(5.2) 0— i"Ox(dD + Wp4) = i"(m.O¢)qg — i* Derx(dD —log Lp 4) — 0
is exact. Applying i, yields
(5.3) 0 — 0" Ox(dD + Wp 4) = 1,0"(7.O¢)q — 143" Perx(dD —log Lp4) — - - -
oo = RYLTFOx (dD + Wp ).

By Lemmas 3.2 and 3.7, (7.O¢)q and Zery(dD — log Lp 4) are coherent reflexive Ox-
modules. By Lemma 3.1, .% = i,i*.% for any coherent reflexive &'x-module and, by
[ , Cor. 1.9], RY,i* = 7. This turns (5.3) into (5.1). O

Motivated by Lemma 3.3, we would like to derive a short exact sequence of global
sections from (5.1). This is possible in case Ox(dD + Wp4) has sufficient depth. Re-
stricting ourselves to the case where Wp, = 0, we are concerned with the depth of
Ox(dD) = Ox(d). Watanabe | , Rem. (2.11)] showed that X is Cohen-Macaulay if
A is so. More generally, Flenner | , (2.3) Kor.] showed that Serre’s condition (S;)
passes from I' to X. We extend his result to Ox (i) as follows.

Lemma 5.2. Let A be a finitely generated positively graded algebra over a field k of
characteristic chk = 0. Let f € Ay be a non zero divisor. If A satisfies Serre’s condition
(S¢) then the same holds true for the (Af)o-modules (Af); = (A(i)f)o where i € Z.

Proof. Clearly (Ay); @1 k = ((A ®k k)je1); and A satisfies (Sy) if and only if A @4 k
does. We may therefore assume that & = k. Let Z; be the cyclic group of order d. For
any k[Zg)-module M we denote by M i the eigenspace for the character 1 ¢} where
(4 € k is a primitive d-th root of unity. Setting A; C A%, A becomes a k[Z4]-module.
Since f € Ay is Zg-invariant, there is an induced action on B := A/(f — 1). One easily
shows (see | , Thm. 3.1]) that B, and hence each B, is a finitely generated module
over the finitely generated k-algebra B?. By | , §2], B is (S¢) and B® = (Ajf)o;
analogously, B' = (A;);. For p € Spec BY, (B), = (B,)". We may therefore assume
that B is local with maximal ideal m. The primes over m are conjugates under Zy. In
fact, assume that there are two invariant non-empty sets {p;} and {q;} of primes over
m. Then prime avoidance yields an element b € (), p; \ U; q;. Its norm by = [[;, 1.0
has the same property and by € p; N BY=m C q;, contradicting to by & q;. It follows
the dim B, = dim B° for all m C p € Spec B. By | , Prop. 1.2.10.(a)] and since B is
(Sﬁ)v ~
grade(mB, B) = min{depth B, | m C p € Spec B} > min{/, dim B®}
13



Now we apply the argument from the proof of | , Prop. 1]: If b € mB is B-regular,
then its norm by = [[;o,, 4.b is B-regular and by € mB N B® = m. Moreover, (B/Bb)" =

B°/B%j using the Reynolds operator (which is defined due to the hypothesis ch k = 0).
By | , Prop. 1.2.10.(d)] and induction, it follows that

grade(m, B) = grade(mB, B) > min{/, dim B°}.
Since B = @;ezd B’ as B%-module, any B-regular sequence in m is also Bi-regular. Thus,
grade(m, BY) > grade(m, B) > min{/, dim B’} > min{¢, dim B’}. O
Proposition 5.3. If chk = 0 then global sections of (5.1) form a short exact sequence
0 —— H%X, Ox(d)) — (Dery A)y — H(X, Derx(dD —log Lp4)) — - =+ 0,
with the dashed arrow if A is (S3) and X is (Ry) of dimension dim X > 2.

Proof. The first claim follows from Proposition 5.1 using Lemma 3.3. Now assume the
additional hypotheses. Since dimX > 2 and A is (S3), we have depth A > 3 and

hence H'(X, Ox(d)) = 0 for all d € Z by | , Cor. 2.3]. Since X is (Ry), we
have codimyx Z > 3. We may therefore assume that dim X > 3 as otherwise Z = (). By
Lemma 5.2, Ox(d) is (S3) and, in particular, depth, Ox(d) > 3. By | , Thm. 3.8],
this gives .7, (0x(d)) = 0 and hence the second claim. d

For the remainder of the section, we assume that X is regular, that Wp 4 = 0, and
that Lp 4 is a free divisor. In this case, (5.1) is a short exact sequence whose extension
class can be described explicitly. Due to the first two hypotheses, the sequence reads

(5.4) 0 —— Ox(dD) —* (1.0¢)q —— Derx(dD — log Lpq) — 0.
By definition, the extension class of a short exact sequence of &x-modules
(5.5) 0=>F >89 -0

is the image of the identity morphism under the connecting homomorphism
(5.6) Homgy (7, 7) 2= Exth (¥4, 7);

it parametrizes extensions (5.5) of % by ¢4 up to isomorphism. As one derives from
the spectral sequence associated to the composition of functors Homg, (—, —) = H° o
Fomg, (—, —), the target of (5.6) fits into an exact sequence

(5.7) 0— H'(X, #om(¥,F)) — Exty, (9, F) — H(X,Exty (9,.F)) = -+
o= HY(X, Hom (9, F)) — 0.

Due to the hypotheses Zerx(—log Lp 4) is locally free and, by Lemma 3.7.(2) and Re-
mark 3.6,

Homg, (Perx(dD —log Lp 4), Ox(dD)) = #ome, (Perx(—log Lp q4)(dD), Ox(dD))
= jfomﬁx (.@erx(— log LD,d)7 ﬁx)
= Qﬁf(log LD,d)-
It follows from (5.7) that the extension class of the sequence (5.4) is the image of 1 €
H(X,0x)in H'(X, Q% (log Lp 4)) under the connecting homomorphism in the long exact
cohomology sequence associated to the dual sequence
(5.8)

0« Homg, (Ox(dD),Ox(dD)) < Home, ((7.0¢)4, Ox(dD)) Ql(log Lpg) <+ 0.
14



This image can be described explicitly as a Cech cocycle. To this end, take an affine open
covering
X =JX.
(

and local defining equations gia) for V; on X,. First, restrict the sequence (5.8) to each
Xo and lift idg,_(4p) to the middle term with the help of the splitting of the sequence
(5.4) on X, defined by (4.18). Rewriting (4.18), this lift is given explicitly by

)

(a
pi dg;
0 = wo(¥(9)), wa:= > PRpCR

Pi d=—1 mod q; @

Applying the Cech differential to the 0-cocycle (w, © 9),, we obtain a l-cocycle ep €
H'(X, Q%) given by

(8) ()
pi [ dg; dg;
(5.9) (EDap = D _< B (a))

pid=—1 mod g; 4 9i 9;

Pq

PO
“=dlog ] o

pid=—1 mod g; 9i

The preceding arguments now prove the following generalization of a result of Wahl
(see | , Prop. 3.3]).

Proposition 5.4. Assume that X is regular, that Wp 4 = 0, and that Lp g4 is a free
divisor. Then the extension class of the short exact sequence (5.4) is the image of ep
under the morphism induced by the natural inclusion Q% — Q% (log Lp 4). U

6. EXAMPLES

6.1. A normal ICIS with negative derivation. We apply our result to a graded

isolated complete intersection singularity with negative derivation found in | ]. Let
P = k[zy,...,x¢) be the graded polynomial algebra with weights w = (8,8,5,2,2,2) on
the variables z1,...,z¢. The weighted homogeneous polynomials

o 2 5
g1 '=X1%4 + T2T5 + T3 — Ty,

2 5
g2 :=X1%5 + Tale + X3 + Xy

of degree 10 define a 4-dimensional graded isolated complete intersection singularity A :=
P/{g1,92) with a derivation

O Oy O3
(61) N = |Tg X5 2$3 = 2273(1‘5 — x6)81 — 21’3(1’4 — 1’5)82 + (1'41'6 — $§)83
T Tg 2373

of degree —1. Consider the corresponding 3-dimensional projective k-variety X :=
Proj A C PY. By Delorme’s reduction | , 1.3. Prop.] (see also | , 1.3.1. Prop.)),
the second Veronese subring of P is the polynomial subring P®) = k[zy, z9,y, 14, 5, 76|
where y = z2 is a new variable of weight 10. Because g; and g, are contained in P®@ the
second Veronese subring of A is

A® =P /(g1 g)
15



where
g1 =124 + ToT5 + Y — 172,
g2 =T175 + Tz + Y + 7.

Since y occurs as a linear term of g; and ¢y, there is an isomorphism

A = PO /(g1 — g2, g1) = PP/ {g.y) = klv1, 22, 04, w5, 26]/ {9) = P'/{g) =2 A

where
._ _ 5 5
g:=g1 — gs = T1Ty — T1T5 + T2T5 — Tokg — Ty, — Ty

and P’ := k[xy,x9, x4, x5, 26| is the polynomial ring with weights renormalized to w' =
4,4,1,1,1. Then we have
X = ProjA = Proj A® =~ Proj A'.

Thus, A’ is a graded isolated hypersurface singularity and we can consider X C IP};’/.
In particular,

(6.2) X518 C V (24, x5, 6).
In order to pass to the chart z; = 1 we introduce a 4th root of x; and divide g by its 5th

power. As a result we obtain

g=(1- xi)m — (1 = mo)xs — (z2 + xé)xﬁ.

Then X|,,—1 is the quotient of the affine k-variety defined by g by the cyclic group gy
acting diagonally on x4, x5, z¢. Unless x5 = 1, g serves to eliminate x5 and hence, using
the notation from | , §2.4],

Xloycrses = (A {0)) x (A3/5(1,1))

corresponding to variables x5, 4, xg. An analogous argument applies to the chart x5 = 1.
Therefore, (6.2) is an equality

X8 =V (24, 5, 6).

In particular, codimy X" = 2 and X is not (Ry).

Following Demazure’s construction (see | , (2.6) Lem. (iii), (2.10)]), one can
choose T' = w3/23 and hence D = $V(z3) — 2V (z4). In particular, Lp_; = 0 (see
Definition 4.5). Since H°(X, Ox(—1)) = 0, Proposition 5.3 serves to interpret

n € H'(X, Perx(—D)).

6.2. A nonsingular plane conic. In this section, we compute explicitly the sheaves
Mpag = (m.0¢c)q on the toy model (X, D) where X = P} with Ox(D) = Ox(2). The
section ring is isomorphic to the subring

A= k[2?, zy, v*] C K[z, ],

where the generators 2, zy, y? all have degree 1. We see that y~='9, is a derivation of
degree —1 if ch(k) = 2. This can also be seen by passing to the isomorphic ring

A= klz,z,y]/(z* — zy)

where the degrees of x,y, z are all 1. There is no derivation of degree —1 if ch(k) # 2,
but 0, is such a derivation if ch(k) = 2.
We follow closely the idea used in our construction of the generalized Euler sequence.

In Demazure’s construction (see §2), one has to choose a homogeneous fraction of degree
16



1 in K(C), and uses it to define an ample Q-Cartier Q-divisor. We choose T' = zy for
our purpose and pass to the isomorphic ring

T
K(t.T) DRI, 2] = A, Trray, te L
y

In this particular model for the section ring A, degt = 0,degT = 1, and t is the parameter
for P;. The ample Q-Cartier Q-divisor D on P} is defined by div(T) = 7= (D). It is
clear that

D = {0} + {oo}
because xy = 0 implies either x = 0 or y = 0.

We use the standard affine cover of P}, by U; = Spec k[t] and Uy = Spec k[s] with gluing
given by s = % Correspondingly, the cylinder C' is covered by C; = 7= }(U;), i = 1,2. We
have Cy = Speck[t][%, £] and C; = Spec k[s][L, 2]. Notice in particular that

T T t T s
HUT, T, 5] = Kl ] 0 Ml )
so a degree-—1 derivation on A is simultaneously a degree-—1 derivation on both C; and
C.

Let us find the specific form of degree-—1 derivations on C;. Given such a derivation
9, we write 70 = 0’ + o/TOr as in §4. Since ¢ is of degree —1, it must take the degree n
part of k[t][T, 4] into its degree n — 1 part. In other words,

T
T T
5(#(?)“) € klt] - (?)"—1, for all n € Z.
Using the decomposition of §, we get

R o o'(t)

g eklt], n- (? 5

The set of pairs (0'(t), o) satisfying this condition is a free k[t]-module of rank 2 with
basis (¢,1) and (¢2,0). Therefore, the Oy,-module (m,(O¢))_1|y, is free of rank 2 with
basis %8, +dr and %@. Symmetrically, one can find that (7.(O¢))_1|v, is free with basis

705 + Or and %88. How do these bases glue on U; N Us? If ch(k) = 2, we see that

) € klt], foralln e Z.

t t S S
?& -+ aT = (Tﬁts)as + aT = —fas —+ aT = ?83 + 8T,

t? t? 1 8 8
?0t = T(atS)as = —?85 = —S <?83) =S (T(?S)
So the two pieces glue like Ox @ Ox(—2). If ch(k) # 2, we can use the modified basis

O + O t( 8+8)—220—_—28+t8
T T 7% T 7% T % T
on Uy, and correspondingly the basis

° 9+ 0 %0, + 50
Ts T Ts SOt

on Us. Changing coordinate on P}, from ¢ to s, we see that

Ot o= — 20,4+ 0p = s (S0, + s00)
Tt T — Ts T =S Ts sor),

t2 1 1 s
—?& + t@T = fas + gaT = 3’1(f83 + 8T)

So this time the two pieces glue like Ox(—1) & Ox(—1).
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We summarize the computation as follows

Proposition 6.1. For X =P, £ = 0x(2), we have

% ~ ﬁx(2) b ﬁx, Zf Ch(l{?) = 2,
PO ox(1) @ 0x(1), if ch(k) # 2.

The generalized Euler sequence

0— L= Mpg— Oprt gy, L% — 0

is obtained by twisting the 0th sequence by the dth power of L.

Proof. We showed above that #p 1 = Ox ®Ox(—2) and Ap 1 = Ox(—1)®0Ox(—1) in
the case that ch(k) = 2 or otherwise. The remaining argument follows from Remark 4.9.

g

Remark 6.2. The splitting of the short exact sequence in Proposition 6.1 in case ch(k) = 2
was observed already by Wahl (see | , Rem. (3.4)]). It also follows from Proposi-
tion 5.4 since & — 4t — 2% = 0.
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